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A Survey of P-V-T Data for Water 
in the Critical Region 


A comprehensive review is given of P-V-T data available for water at pressures from 
2700 to 4000 psia, specific volumes from 0.025 to 0.125 cu ft per lb, and temperatures 
from about 680 to 800 deg F. Experimental and computed values of various investiga- 
tions are given. A description of. the various methods and formulas used to interpolate 
the original data is also given. The results indicate there is a lack of smoothed or com- 
puted values for the specific volumes of the superheated vapor at sufficiently close intervals 
in the critical region. This makes it difficult to interpolate accurately and derive such 
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properties as density and coefficients of volume expansion and compressibility. Fur- 
thermore, there are significant differences between the data for superheated steam given 


in the various tables which can be attributed to erroneous methods of interpolating the 


Introduction 


ee oe and theoretical studies of flow, heat 
transfer, and power cycles on systems using water in the vicinity 
of the critical point require accurate and detailed information 
about certain of its thermodynamic and transport properties. 
This paper presents a summary of existing information on the 
volumetric behavior of water in the critical region; i.e., for pres- 
sures of 2700 to 4000 psia, specific volumes 0.025 to 0.125 cu ft per 
Ib, and temperatures from around 680 to about 800 F. This in- 
formation, of course, forms only a part of that needed to insure 
the success of heat-transfer work and its subsequent correlation 
in the critical region. 

This paper is divided into four sections dealing consecutively 
with saturation, subcooled liquid, and superheated-vapor data, 
and finally with the observations and conclusions of various in- 
vestigators on the critical point. Usually, experimental data, 
computed values, and the constants in various formulations have 
been converted into English units. 

The starting point of this survey was an investigation of the 
various steam tables. The book by Dorsey [7]' was also very 
useful in the early stages. 

' Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society OF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 


1960. Manuscript received at ASME Headquarters, May 19, 1960. 
Paper No. 60—--HT-25. 


Nomenclature 


original experimental data. 


Saturation Data 


Vapor Pressure. Table | shows the extent of accurate measure- 
ments on the vapor pressure of saturated water. Egerton and 
Callendar [10] and Holborn and Baumann [14] employed dy- 
namic methods to measure the vapor pressure while other in- 
vestigators [41, 48] employed static methods. 

In order to interpolate the experimental data accurately and 
utilize such useful relations as the Clapeyron equation, a number 
of empirical equations have been proposed for the dependence of 
saturation pressure on temperature. The more recent of these 
formulations are given in Table 2. 

Osborne, et al. [41], and Smith, et al. [48], evaluated the con- 
stants of equations (1) and (2) from their measurements on the 
vapor pressure of saturated water. Osborne and Meyers [42] 
derived the constants of equation (3) from the adjusted measure- 
ments of Holborn and Baumann,? Egerton and Callendar, Os- 
borne, et al., and Smith, et al. The adjusted measurements of 
Holborn and Baumann were only used for temperatures to 392 F, 
the implication being that they were in error at the higher tem- 
peratures. Equation (4) was proposed by Timroth [55] while 
equation (5) was proposed by Sugawaro [50].*. The experimental 
values used, by Timroth were not referenced but the equation 
he proposed gives almost identical results as equation (3). 


? These are given in [3] and it is thought that Holborn, Scheel, and 
Henning adjusted the measurements of Holborn and Baumann [14)}. 

* Unfortunately, Sugawaro’s paper was not available to the authors 
and therefore it is not possible to give the basis for equation 
(o) 


mechanical of 


equivalent 


specific 
heat, 778.29 ft-lb /Btu = temperature, deg F 


volume, cu ft/lb VTI = All-Union Institute of Heat 
Engineering, Russia 


P = pressure, psia = change in pressure with 
= gas constant for water va- along an iso- 
por, 0.595661 cu ft-sq in. metric . ¢ = property at the critical point 
deg R JSME = Japan Society of Mechani- | = property along liquid water satura- 
ns cal Engineers tion line, known condition 
 s absolute temperature, TIC = Third International Con- v = property along the water-vapor 
450.60 + t, deg R ference on Vapor Tables saturation line 
V = volume, cu ft VDI = Verein Deutscher  Inge- & = property at saturation condition 
enthalpy, Btu /Ib nieure, Germany 2 = unknown condition 
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14.7 to 3200 


69 to 3206 


Table 2 Empirical equations proposed for saturation pressure 


Byuation * 


T log, at + b+ cx? + + oxo 


where x 1.03571 x 10 -1 


6.5903156 
b = -3605.348 


where x *t. -t 


tere x 
y ~ 


2.23142 + x, (3.309 x 10% 
108," n 


- 
(x « 2) 


@ = 0.1150 - 0,064x + 


0.93985) 


100 


(w1.2)* +1 


210 

to 
374.15 
where 


n= 32 


A= 1,0071x10 


*p pressure peis t temperature °F 

These equations with the exception of equation (1) have been 
employed in the various steam tables: Equation (2) was used in 
tables of Keenan and Keyes [23]. Equation (3) was employed 
in the tables of the TIC [2] (Third International Conference on 
Vapor Tables), Usborne, et al. [44], Vukalovich [58, 59], Faxen 
[12], and Dzung and Rohrbach [8]. Those values in the tables 
of [37] and the VDI [46] (Verein Deutscher Ingenieure) were 
probably based on the TIC values. Timroth’s tabulations [55, 
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T = absolute temperature °R = t * 459.69 

56] were computed from equation (4) while that of the JSME [1] 
(Japan Society of Mechanical Engineers) was calculated from 
equation (5). Those in the Callendar tables [4] were derived from 
the measurements of Egerton and Callendar [10]. 

Table 3 lists values of saturation pressure of water in the critical 
region computed from the five equations listed in Table 2 along 
with experimental measurements. Fig. 1 gives deviations of the 
experimental and computed values from those obtained from 
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Table 1 Summary of vapor-pressure measurements 
¥ 
Pressure Range 
a Holborn and Saumann, 
1910, Ref. ls. To 225 
é ‘ Egerton and Callendar, 
1932, Ref. 10. 
: Osborne, et al., 
1933, Ref. 4). 
| 7 
Stimesan, 
ot. al., 197.17 
1933 4 = -109%.8 
e 2518.2 
Saith, te * 705.40 
Keyes 212 | 100 
ot. al., te | te = 2,30063x10 
| e %6.253277x10 
; 
K = 951,568 
A = 6.5938507 ‘ 
B -3609.2 
C = 2.496410 4 
De 1.1965x10722 
E = 0.0044 
Steam Tables 
Timroth ) te te 
| 
2.7500 
to 
705.67 
| 


Table 3 Saturation vapor pressure of water, psia 


Temperature Calculated Values from Equations of Table #2 Vapor Pressure Measurements 
Egerton Osborne Smith 
360.0 680.0 2708.33 2708.0 2708.4 2708.4 2709.1 2708.46 2708.43 2707.68 
361.0 681.8 271.1 2741.0 2741.2 2741.2 
362.0 683.6 277.3 27%.3 2774.3 27 Te 
263.0 685.4 2807.8 2807.7 2808.0 2808.0 
364.0 687.2 2841.8 2841.6 2841.8 2841.8 2841.88 
365.0 689.0 2676.2 2875.9 2876.1 2876.1 2875.8 
366.0 690.8 2910.8 2910.5 2910.7 2910.7 2910.75 
367.0 692.6 2945.8 2945.5 2945.8 2945.8 
368.0 69k 2981.4 2980.9 2981.2 2961.2 2981.19 
369.0 696.2 3017.2 3016.8 3017.1 3017.2 
370.0 698.0 3053.5 3052.9 3053.5 3053.5 3053.5 +40 3052.9 
372.0 699.8 3090.3 3089.5 3090.2 3090.2 3090.3 13 
372.0 701.6 3127.5 3126.6 3127» 3127.4 3127.5 3128.53 3127.24 
373.0 703 ois 3165.1 3164.0 3165.1 3165.1 3165.4 3164.97 
374.0 705.2 3203.1 3202.0 3203.4 3203 3203.7 3204.43 3203.51 
374.11 705.6 3206.2 3206.18 
3715 705-47 3209.5 3209.5 


As recorded by Smith, et al (48). 


Table 4 Measurements of specific volume along vapor-saturation line 


Number Investigators 


Type of Experiment ov 


Temperature Range 


Callendar, 1929, Ref. 5. Calorimetric 400 to 717 210 to 380 


Jakob and Fritz, 
1935, Ref. 18, 


Keyes, Smith and Gerry, 
1936, Ref. 27. 


195 to 373-4 


Eck, 1936, Ref. 9. 


350 to 374-24 


Osborne, Stimson and 


Ginnings, 1937, 43. 


| 


At 370 


Timroth, 1950, Ref. 54. 


390 to 37.15 


's T T T Tr T 
THED OATA OF EGERTON @ CALLENDAR { | 


Pom—VALUE OF PRESSURE FROM OSBORNE @ MEYER EQUATION 
=x 10) 


& SMITH £T A. (48) 

@ SMOOTHED DATA OF HOLBORN, SCHEEL & HENWING ( 3 ) 

~~~ OSBORNE ET (EQUATION |) 

—— SMITH ET AL ( EQUATION 2) 

~SUGAMARO (EQUATION 5) 

TMAROTH EQUATION (4) GIVES RESULTS NEARLY IDENTICAL TO - 7 
THOSE OF THE OSBORNE MEYERS EQUATION. x 


| 


De warions, 


680 684 668 692 696 700 704 
SATURATION TEMPERATURE 


Fig. 1 Deviations of experimental and formulated values of vapor 
pressure from the Osborne and Meyer equation 


equation (3). For temperatures from 680 to 705.2 F all of the 
experimental values, with the exception of Holborn, Scheel, and 
Henning’s, agree with the Osborne and Meyers formulation to 
within 5 parts in 10,000. Osborne and Meyers considered the 
deviations of the experimental values as being serious and note- 
worthy and recommended more precise measurements to estab- 
lish the true course of the saturation curve in the immediate 
vicinity of the critical point. However, these deviations though 
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significant were within the experimental uncertainty. There- 
fore saturation pressures computed from equation (3) would 
appear to be the most reliable, since it was derived from three 
independent sets of measurements for temperatures above 392 F. 

Specific Volume of Saturated Water Vapor. The specific volume 
along the saturation line may be determined from calorimetric 
and volumetric experiments with the vapor at, or close to, 
saturation conditions. Volumes also have been derived from the 
extrapolation of the isometrics, lines of constant volume on a 
pressure-temperature diagram, for superheated vapor to the 
saturation line. Table 4 lists the investigations conducted on the 
specific volume of saturated water vapor; while Table 5 gives 
the primary data which were obtained by various investigators. 

Callendar [5] conducted enthalpy measurements along the 
vapor-saturation line from which he was able to derive specific 
volumes. These values are in error and a detailed discussion of 
his experiments in the critical region is given in the fourth section 
of this paper. Jakob and Fritz [18] obtained volume data along 
the vapor-saturation line from their enthalpy of vaporization 
measurements by utilizing the Clapeyron equation. In the 
derivation of saturated-vapor volumes they used the Smith and 
Keyes [49] liquid saturated values. Since then Keyes [28] found 
that the values of [49] were in error in the critical region, which in 
turn therefore invalidated the derived values of Jakob and Fritz 
in the critical region. 

Keyes, Smith, and Gerry [27] obtained specific-volume data to 
within about 2 deg F of the critical point by extrapolating their 
isometrics to the saturation line. However, Keyes [28] since then 
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Table 5 Primary data on specific volume of saturated vapor, cu ft per Ib 


Callendar Jakob & Eck 1934 Skeletal | 1952 Timroth | 1956 V.D.1. 
Frits et al. et al. Steam Tebles Tables Tables 
oF (5) (as) (27) (9) (43) (2) (55) (46) 
lus 
-102 103 
102 102 
| 0992 0992 
| 687.3 -1001 -0990 -0993 
| 688.8 -0963 
690.0 
} 690.3 -0937 0939 
| 690.8 -0937 
691.8 -0910 
692.6 -0905 
693.2 0884, 088i, 0892 
69.4 0862 
6%%.7 -0865 
696.1 
696.2 -0827 
697.5 0799 -0799 -0807 
698.0 -0799 07936 -0790 08004 -0790 
698.9 08009 -O779 
699.8 -0750 -07626 -0750 
700.0 
700.3 0737 
701.8 0698 
703.0 0660 666 +666 
103 -06700 ~0657 
704.1 06407 
704.5 +0612 
705.47 +0509 


* betwean 
recommended tolerances. 


found that the values in |27) were in error in the critical region. 


Osborne |40] proposed the following three calorimetric experi- 
ments to evaluate the thermodynamic properties along the 


saturation line: 


(a) Observe change in pressure and temperature when heat is 
added to a constant vapor-liquid mass 

b) Measure quantity of saturated water removed when heat 
is added isothermally to a vapor-liquid mass under saturation 
conditions 

(c) Measure quantity of saturated vapor formed when heat is 
added isothermally to a vapor-liquid mass under saturation 
conditions 


By employing the laws of thermodynamics and the Clapeyron 
equation, it was shown that the enthalpy and specific volume of 
saturated water and water vapor could be calculated from the 
results of these three experiments. These experiments were sub- 
sequently performed by Osborne, et al. [43], and Table 5 gives 
their derived values for the specific volume of saturated water 
vapor. Equation (3) was used to obtain values for the coefficient 
dP ,/dT. 

Osborne, et al. [43], made several direct measurements of the 
specific volume of superheated vapor within 0.4 deg F of satura- 
tion conditions at a temperature of 698 F. By extrapolation, 
a value of 0.07889 cu ft per lb was obtained. This agreed with the 
value of 0.0790 cu ft per lb derived from the foregoing calorimetric 
measurements, indicating that the calorimetric measurements up 
to 698 F showed no sign of error. Special tests also were carried 
out to investigate possible mixing of the liquid with the vapor 
phase which would give lowered values. No mixing effect was 
observed up to and including 703.4 F, while some effect was ob- 
served at 704.3 F. Osborne, et al. [43], concluded from these 
special tests that their calorimetric results could not be relied 
upon in the small region within about 2 deg of the critical point. 

In 1950, Timroth and Vargaftik [53) described research at the 
VTI (All-Union Institute of Heating Engineering), Russia. It 
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these values and those in 1554 skeletal tables exceed 1934 


is thought, therefore, the saturation vapor volumes listed in the 
1952 and 1958 Timroth tables [55, 56) were derived from the iso- 
metrics measured by Timroth [54]. No basis was given for the 
saturation-volume data in the 1956 VDI tables (46), but it is 
probable that the enthalpy of vaporization values of Koch [35] 
were used to derive specific volumes along the vapor-saturation 
line. The data adopted at the TIC [2] were probably based on 
(;erman and American measurements [18, 27, 35) 

The data given in Table 5 have been employed in the various 
steam tables: The formulations of Osborne, et al. (43), were used 
to compute the values in the tables of Osborne [44], Vukalovich 

58, 59], Faxen [12], and Dzung and Rohrbach [8}. The TIC 
values [2] were used to derive the data in the tables of reference 
37|, Callendar [4], and Keenan and Keyes (23). The TIC 
values also were used to derive the values listed in the JSME 
tables [1] above 3000 psia. Those in the JSME tables for pres- 
sures lower than 3000 psia were computed from the equation of 
state proposed by Tanishita [52]. 

The tolerances on pressure and specific volumes along the liquid 
and vapor-saturation line, which were adopted at the TIC, are 
given in Table 6. It can be seen from Table 5 that all of the 
Callendar data and those of Osborne, et al., above 702 F, fall out- 
side the tolerances of Table 6. If the tolerances adopted at the 
1934 conference are correct, it would appear that the conclusion 
reached by Osborne, et al., about the trustworthiness of their 
measurements near the critical point, are correct. 

Fig. 2 shows deviations of the various primary data from 
specific-volume data in the Timroth (VTI) tables. Up to about 
702 F there is excellent agreement between the Timroth and 
Osborne, et al., values. From 702 to 705.2 there is good agreement 
between the Eck, VDI, and the Timroth values. It appears, there- 
fore, that up to 702 F, the almost identical values of Timroth and 
Osborne, et al., are the most reliable, while from 702 to 705.2 F 
the values of Eck, VDI, and Timroth are the most reliable. 

Specific Volume of Saturated Water. Specific volumes along the 
liquid-saturation line have been derived from calorimetric data 
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and from values obtained by extrapolating isometrics and iso- by extrapolating their isotherms to the saturation line. Osborne, 
therms to the saturation line. However, a few volumetric et al. [43], and Keyes [28] found, however, that these were in 
measurements have been made at saturation conditions. Table 7 error above 626 F. 

summarizes the work to date while Table 8 gives the results of Osborne, et al. [43], derived values for the specific volume of 
these investigations. 


saturated water from calorimetric experiments previously de- 
Smith and Keyes [49] derived saturation specific-volume values scribed. They also made several volumetric measurements on 


subcooled water at a temperature of 69& F. The value derived 


a + T + T T 
5 


Table 6 Tolerances® adopted at The Third International Conference on 
Vapor Tables for Saturation Pressures and Specific Volumes 


V, TIMROTH VALUES OF SPECIFIC VOLUME (55) 
Saturation Specific Volumes | A KEYES ET AL. (27) q 
Tenperature Saturation Pressure Vapor © ECK (9) 
CALLENDAR (5) a ty 
e + JacoB & FRITZ fe} A 
= 
4 x 
> 
x 
ossoRNE —————— (43) 
# -2 VO! TABLES--------- (46) 


4 i 


*Issarescu 17 noted discrepancies along the saturation lines between 680 684 666 692 696 700 704 


the various properties of different steam tables. After an isentro- SATURATION TEMPERATURE ("F) 
pic checking of these tables along the saturation line he concluded 
; that the tolerances adopted in 1934 for the enthalpy and specific Fig. 2 Deviations of specific volume for saturated vapo: from values 
volume along the liquid and vapor saiuration lines were too large. of Timroth 
. Table 7 Measurements of specific volume along liquid-saturation line 
| Temperature fange 
amter Investigstors Type of Uxperinent oP 
1 Smith and teyes, 1934, 
Ref. 49 lation 86 to 680 30 to 36U 
Eck, 1937, Ref. 9 Volumetric 662 to 705.64 350 to 37k. 2% “ 
3 Osborne, Stimson and valorimetric 1U0 to 37% 
| Ginnines, 1937, Ref. 43 Volumetric At 698 At 370 
| 
} Timroth, 1950, Ref. 54 xt rapolation 630 to 705.47 360 to 374.15 


Temperature Smith and Keyes Esk 1934 Skeletal Osborne 1952 Timroth 1956 V.D.I. 
Tables et al. Tables Tabi: 
bd (49) (9) (2) (43) (55) (6, 


03054 


+ 03034 


-030541 -03034 07034 -03955 
-03053 -03056 +03030 

8 -03072 03069 «03070 
= 03080 -03090 


+03112 


700.3 


-0370 -G370 
701.6 -03760 03614 -0381 -0382 
701.8 -0381 -0383 -0383 
703.0 +0397 +0397 
703.4 04,008 + 04,00 
704.5 +0428 01,18 
705.64, 
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2 
| 
| 
| 
i Table 8 Primary data on specific volume of saturated liquid cu ft per ib a 
685.b -03152 03146 03168 
685.9 07156 03160 : 
687.2 -03190 -03189 
687.3 03183 -0319 «322 
688.8 -0322 -0322 
689.0 -03226 0324 0325 
$90.3 -0327 +0325 «328 
690.8 -0328 0330 
- 691.8 0332 -0330 0333 
692.6 -0334 -G33 0335 
693.2 -0336 -0335 -0338 
696.1 +0348 +0346 . 
696.2 +0348 -0348 0349 
697.5 +0354 +035 
698.0 -03542 +0357, 0356 +0356 -0357 
698.9 -0362 -0360 -0362 


for the specific volume of saturated water from their volumetric 
measurements was identical to that derived from their calori- 
metric measurements. They concluded that their calorimetric 
measurements up to 698 F showed no sign of error. 

It is thought by the authors that the saturation-volume data 
in the Timroth tables (VTI) [55, 56) were derived from the iso- 
metrics measured by Timroth. 

No basis was given for the saturation-volume data in the VDI 
tables [46]. However, it is probable that they were derived from 
the calorimetric measurements of Koch [35]. 

The data described in the foregoing and given in Table 8 have 
been used in various steam tables: The Osborne, et al., formula- 
tions [43] were used to derive the values listed for the specific 
volume of saturated water in the tables of Osborne, et al. [44], 
Vukalovich [58, 59), Faxen [12], and of Dzung and Rohrbach 
[8]. Values adopted at the TIC [2] are thought to have been 
derived from German and American measurements [35, 49]. The 
values listed in the tables of Callendar [4], JSME [1], and in the 
tables of Keenan and Keyes [23] were derived from the values 
adopted at the TIC. 

Fig. 3 shows deviations of the various experimental data from 
the Timroth (VTI) data. Up to 704 F there is good agreement 
between all of the primary data, the deviations all being within 
1 per cent. Above 701 F the Eck values are low in comparison 
with the other values. 

It may be concluded that all the values up to 701 F appear to be 
equally reliable. From 701 to 705.2 F the values of the Timroth 
and VDI tables are to be favored since it appears that the Eck 
values are in error above 701 F. 


Subcooled-Water Data 


The basic method of volume measurement employed, for sub- 
cooled water, is essentially that of observing the pressure and 
temperature of a known amount of water in a closed container. 
Another method, though not used extensively, derives specific 
volumes from enthalpy measurements. The method and the 
equation used to derive data from enthalpy measurements will be 
given in the third section of this paper 

Table 9 summarizes the work conducted in the subcooled-liquid 
region. The 1930 Trautz and Steyer data [57] have been criti- 
cized by Jakob [19] on the grounds that the apparatus was poorly 


Table 9 Summary of p 


insulated, error in temperatures exceeded the estimated 1 deg F, 
and partial evaporation of water had occurred at the walls before 
the contents reached saturation conditions. A comparison of 
these data with those of Keyes and Smith [25], made by Jakob, 
showed that the Trautz and Steyer data were in error by as much 
as 4 per cent. 

The measurements of Tammann and Ruhenbeck were con- 
ducted at intervals of 180 deg F and are not of utility, since none 
of their data fall in the region considered in this study. 

The measurements of Smith and Keyes [49], Havlicek and 
Miskovsky [13], Timroth [54],5 and Kirillin, et al. [29-32], are 
considered as the most precise and are given in Table 10. The 
estimates which have been made on the accuracies of these 
measurements and those of Nieuwenburg and Blumendal [38] are 
given in the third section of this paper. 

The data of Kennedy [24], which were found to be in error 
owing to chemical reaction between the container walls and the 
water samples, have been superseded by data of Holser and 
Kennedy [15]. However, Holser and Kennedy did not extend 


* These data formed part of the results given by Smith and Keyes 
[49)}. 

‘The authors were unable to obtain Timroth’s measurements 
(54). 
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Fig. 3 Deviations of specific volume for saturated water from valves 
of Timroth 


e@ measurements on subcooled water 


lnvestigators 


Temperature Range 
°c 


Troutz and Steyer, 1931, 
Ref. 57. 100 to 4300 


50 to 300 32 to 696 Oo to 370 


and Ruhenbeck 


1932, Yef. Sl. 1, to 36,50 


1 to 2500 78 to 572 20 to 300 


Nieuwenbure and Slumendal, 
1932, Ref. 38. 


2300 to 8500 


160 to 600 662 to 701.6 350 to 372 


4 Smith and Keyes, 1934 
Ref. 19. 60 to 5000 


4 to 350 86 to 705.2 30 to 3% 


Havlicek and Miskovsky," 


1936, Ref. 13. 14 to 5690 


1 te 400 482 to 703.4 250 to 375 


Timroth, 1950, Ref. 54 1570 to 4260 


110 to 300 662 to 705.2 350 to 37% 


Kirillin, et al., 1953 to 


1958, Refs. 29 to 32, 820 te 7000 


57 to 490 570 to 74.8 296.3 to 373.78 
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“avlicek and Miskovsky derived volumetric data from their enthalpy 
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their measurements [16] into the critical region. They [15] stated 
that this was not practical since their equipment was inferior to 
the equipment used in the Keyes and Kirillin investigations. 

Apparently Keenan [22] and Smith and Keyes [49] have been 
the only investigators to propose formulations for the pressure- 
volume-temperature relations of subcooled water. The formula- 
tion of Smith and Keyes, however, is not of utility since it does 
not extend into the region considered in this paper. 

The following equation was derived by Keenan [22] from the 
measurements of Amagat,® and Smith and Keyes [49]. 


v = 0.04943 — 0.0131692°.147% — 
0.011166(p — 3211)y~-*+6 (6) 


where z = 705.4 — t, y = 725 — t, and 4 is a graphical function of 
temperature and pressure. 

The data and equation just described have been used in the 
various steam tables: The values adopted at the TIC [2] were 
derived by Keenan from equation (6). The data in the tables of 
Vukalovich [58, 59], Faxen [12], and of the JSME [1] were 
derived from the values from equation (6) and those adopted at 
the TIC [2]. It appears to the authors that the values listed in 
the 1952 and 1958 Timroth tables (55, 56] were derived from the 
measurements of Timroth [54] and Smith and Keyes [49]. 
Values in the VDI tables have been taken from the Timroth 
tables. The values in the Keenan and Keyes steam tables [23] 


* The measurements of Amagat did not extend beyond 400 F. 


were derived from the volumetric measurements of Smith and 
Keyes and the calorimetric measurements of Havlicek and 
Miskovsky [13]. 

The values for subcooled water in the tables of Keenan and 
Keyes are to be preferred over those in the tables of Vukalovich 
and Faxen. The values in the former tables were derived from 
two independent sets of measurements [13, 49], while those in the 
former were only derived from the volumetric measurements of 
Smith and Keyes [49]. A comparison of the data in the Keenan 
and Keyes and Timroth tables is given in the next section. 


Superheated Water Vapor 


As in the case of the subcooled liquid measurements, the com- 
mon method which was used in determining the specific volume 
of superheated vapor was that of observing the pressure and 
temperature of a known amount of vapor in a closed piezometer 
or container. Some investigators [13] were successful in deriving 
specific volume data from enthalpy and specific heat measure- 
ments. This method, though not common, merits considerable 
attention, since many accurate enthalpy and specific heat meas- 
urements have been made in the critical region. Furthermore, the 
volume data which could be derived from enthalpy data would 
serve as an independent check on volumetric measurements or on 
interpolated data. . 

Table 11 lists work to date on superheated vapor in the critical 
region while the results obtained are given in Table 12. The most 
extensive of these measurements are those of Nieuwenburg and 


Table 10 Experimental P-V-T data for subcooled water 


Havlicek & Miskovsky (13) Kirillin, et al. (29-32) Smith & Keyes (49) 

Temp. Pressure Sp. Vol. Temp. Pressure Sp._ Vol Teap. Pressure Sp. Vol. 
oF psia op psis oF psia rt3/lv 
68C.0 3129.15 ~02859 695.87 3009.80 04,8864, 680.0 2785.47 
680.0 3200.00 02842 695.87 3011.24 06773 680.0 2872.91 +0293631 
680.9 3271.38 «02826 695.87 3011.52 -041183 680.0 2877 «0293390 
680.0 3413.62 02794, 695.87 3142.90 ~0324,87 680.0 3314.82 ~0278638 
680.0 -- 695.87 3341.50 -03068 680.0 4190.23 0262766 
698.0 3129.15 -03298 695.87 3533.7 029855 698.0 3137.49 0332383 
698.0 3200.00 +03229 702.81 3154.7 ~03908 698.0 3233.49 20368 
698.0 3217.38 -03165 702.81 3231.7 -03551 698.0 33.99 +0313392 
698.0 3413.62 -03080 702.81 3390.4 -03281 698.0 3486.62 0302661 
698.0 -- 702 41 3595.2 -03106 698.0 3661.68 -0295028 
698.0 -- 702,82 3983.7 02941 698.0 3836.68 -0289057 
703.4 3200.00 03639 703.72 3183.2 03899 705.2 3226.74 0381166 
703 3271.38 -03413 703.72 3221.6 203684 708.2 3313.24 20345909 
703 3413.62 +03239 703.72 3298.7 034,54 705.2 3487.63 ~0322386 

703.72 3600.2 031244 705. 3662.24 030984 

704.80 3195.4 +046998 705. 3837.24 +0301130 

704.80 3215.9 -038872 705.2 4012.18 0294415 

704.80 3308.4 -035056 

704.80 3464.1 -032593 

704.80 3644.9 1173 


Table 11 Summary of pressure-vol i 


P e@ measurements on superheated vapor 


Investigators 


Pressure Range 2 


psia Ke/cm 


Tenperature Kange 
oF %& 


Nieuwe:burg and Blumendal 
1932, Ref. 38. 


2300 te £500 160 to 600 


662 to 895 


350 to 480 


Keyes, Smith and Cerry 
1936, Ref. 27. 


190 to 5400 14 to 380 


383 to 


195 to 460 


Havlicek and Miskovsky 
1936, Ref. 13. 


14.2 to 5690 1 to 400 


482 to 1022 


250 to 550 


Timroth, 
1950, Ref. 


1570 to 4260 110 to 300 


662 to 1022 


350 to 550 


5 Kirillin, et 


al., 
1953 to 1958, Refs. 29 to 32. | 825 to 13500 58 to 950 


$70 to 1200 


296.3 to 650 


Kiyama, et al., 
1955, Ref, 33. 


2660 te 12000 187 to 850 


716 to 860 


380 to 460 
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Table 12 Experimental P-V-T data for superheated water vapor 


Havlicek & Miskovaky (13) Keyes et al. (27) 
Press. Vol. Temp. Press. Vol. Temp. 
psia op psia oF 
2986.92 09598 698.0 2665.69 680.0 
2986.91 703.4 | 2852.76 .10012 688.1 
2986.91 +1106 707.0 | 2967.9 698.0 
3229.15 -09050 «7077.0 2839.7 -12014 698.0 

3200.00 -07638 707.0 
3271.38 .03612 707.0 | 3097.7 -08009 700.7 
3413.62 -03420 707.0 
3242.6 «04,806 707.0 
2986.91 -1173 | 3230.8 .06407 707.0 
3129.15 +1008 Tl2.b 
3200.00 .0908%6 712.4 | 3936.7 .032% 716.0 
3271.38 07897 Tl2 be +0806 76.0 
3413.62 04013 Tl2.4 3393.8 ~064,07 716.0 
3318.6 08009 716.0 
2926.92 122 716.0 | 3176.3 
3129.15 -1056 716.0 3008.0 76.0 
3200.00 09715 716.0 
3271.38 08759 716.0 | 3856.3 .04806 734.0 
3413.62 .05909 716.0 | 374.6 .06407 734.0 
2986 91 79.6 3631.5 08009 752.0 
3129.15 -1100 719.6 3578.7 -10012 752.0 
3200.00 -1022 9.5 3333.4 752.0 
3271.38 07380 9719.6 | 4032.1 .06407 752.0 
3413.62 07309 19.6 
3964.2 10012 780.0 
3129.15 725.0 3645.3 788.0 
3200.00 725.0 
3271.38 725.0 
3413.62 04608 725.0 
3129.15 +1242 
3200.00 .1172 
3271.38 .110% T3h.0 
3413.62 09609 74.0 
3271.38 752.0 
3413.62 112% 


Kirillin et al. (29-32) Kirillin et al. (29-32) 
Press. Vol. Temp. Press. Vol. Texp. 
peia oF peia £t3/ld oF 
2979.2 702.81 | 3580.3 .036924 716.00 
3lal.7 702.61 | 3817.7 .033177 716.0 

4448.1 716.00 
07429 703.72 
3360.3. 721.9% 
10681 704.80 | 3600.9 .04549 T2.% 
3145.1 704.80 | 3685.3 .03931 
3193.2 .06036 70%.80 | 3869.2 .03495 
2869.6 705.% | 3235.1 722.71 
3123.5 .08690 705.9% | 3530.1 06173 722.71 
3218.8 .05371 705.9% | 3612.9 .0b516 722.71 
3224.0 04325 705.9% | 3968.3 722.71 
3281.3 705.% 
3396.8 03363 705.9% | 3053.6 .12839 T3040 
3616.4 705.9% 3247.1 -10932 730.40 
3419.3 .091739 730.40 
+1065 707 3587.0 -072690 730.40 
3336.0 03606 707-43 | 3653.7 .066213 730.40 
3587.9 707 43 372.5 054897 
3793.7 .Ob7275 730.40 
3206.1 097707 708.9% | 3433.3 730.40 
31%.7 086888 708. % 3985.0 036467 730.40 
3183.5 .0654399 708.9% | 3323.2 .1206 752.00 
3216.1 079770 708.9% | 3619.4  .09672 752.00 
3282.8 .055166 708.9, | 3910.2 .07370 752.00 
3304.5 .042759 708.9% | 3610.8 770.00 
3396.2 03602, 706.9% | 3698.6 071889 
3531.5 .033557 708.% 
3693.8  .032051 708.9% 
3701.6 03194 =. 
4070.6 
3132.0 10534 716.00 
3344.9 .080387 716.00 
3392.3 065075 716.00 
3430.7 .053617 716.00 
.0b8550 716.00 
3460.6 509 T16.0 
3495.3 040643 716.00 


Blumendal [38]. Unfortunately, their measurements were not 
precise since they estimated that temperatures were only meas- 
ured to within 1.8deg F. Furthermore, they stated the pressures 
were measured only to within 60 psia. The newer measurements 
of Kiyama, et al. [33], are also not precise, since they state that 
the pressures under 7000 psia could be in error by as much as 20 
psi. On the other hand, the data obtained by Keyes, et al. {27}, 
Havlicek and Miskovsky [13], Timroth [54], and by Kirillin, et 
al. [20-31), appear to be quite precise. 

Keyes, et al. [27], made no specific estimate of the accuracy of 
their volumetric measurements. However, in reference [49] it is 
mentioned that temperatures were reproducible to about 0.02 
deg F while pressures were accurate to well within 5 parts in 10- 
000. According to Keyes [28] and Juza [20] the volumetric data 
derived by Havlicek and Miskovsky [13] were in good accord 
with the data reported in [27]. 

Timroth and Vargaftik [53| state that the over-all error in 
volume measurements in the critical region, which were con- 


ducted at the VTI [54], amounted to less than 0.3 per cent. No. 


mention was made on the accuracy with which either pressure or 
temperature was measured 
Kirillin, et al. [31}, made specific estimates of the error in their 
measurements on pressure, volume, and temperature. They 
estimated that the maximum error in pressure was some five to 
ten parts in 10,000, while that in temperature was within 0.09 deg 
F. They were able to show that the over-all error in their volume 
measurements was within 0.2 per cent and only exceeded this 
value near the critical point. 
It was previously mentioned that Havlicek and Miskovsky 
13) derived volumetric data from their enthalpy measurements. 
In so doing they started with the following thermodynamic rela- 


tion, 
JPL or Jp 
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and by considering changes in state at constant pressure they 
derived the following equation: 


- dl (8) 
RT, RT; R Jr, T?\ 


The integrand was evaluated from a graphical relationship for 
their data while the interpolated data of Keyes [26] along the 752 
F isotherm was chosen for the known condition (1). 

The experimental data and equations described have been 
used in various steam tables: The values in tables of Keenan 
and Keyes [23] were derived from the volumetric measurements of 
Keyes, et al. [27], and the calorimetric measurements of Havlicek 
and Miskovsky [13] in conjunction with equation (8). Equation 
(9) was used by Keenan and Keves to evaluate the integrand of 
equation (8): 

859.5 14,200 


h= 477 - +A (9) 
where A was a graphically formulated function of P and ¢. 

The values adopted at the TIC [2] for volumes less than 0.16 
cu ft per lb were obtained by interpolating the measurements of 
Keyes, et al. [27]. An equation of state derived by Keyes, et al. 

27)|,* was used to obtain the values adopted at the TIC for vol- 
umes greater than 0.16 cu ft per lb. 

The values in the 1951 and 1955 Vukalovich tables were 
largely computed from an equation of state derived from 1934 
skeletal table values; however, the values between 705.5 and 770 
F were derived by means of a combined analytical and graphical 


7 Based on the measurements of Havlicek and Miskovsky and ad- 
justed upward by 1.8 Btu per Ib. 

5’ Keyes [28] since then has derived a new equation of form p = 
F(v, T) from his measurements. However, Keyes stated ‘that addi- 
tional volume data in the critical region are indeed required before a 
satisfactory analytical representation of the pressure-sensitive critical 
state can be formulated.” 
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Table 13 


Superheated data of different steam tables 


Author(s) 


Pressure 
(psia) 


698 


716 


Temperature °F 
752 770 788 


Vukalovich (58 


284.5 
2987 
3129 
7271 
355% 
98 
3840 
9983 


«106 


125 
elll 125 
-0966 -113 
0671 +0905 -105 -116 
-0556 -0796 20953 


Paxen (12) 


2828 


Timroth ($5) 


Holser & 
Kennedy (15) 


Skeletal 
Tables (2) 


Table 13b 


Pressure 
author(s) 


Temperature °F 
750 


technique. 


It appears to the authors 
region, reliance was placed upon the 


that in the 


Smith, and Gerry [27], and Kirillin, et al. [29]. 


A combined analytical and graphical technique was used to 
obtain values listed for the specific volumes in the critical region 
in the 1952 and 1958 Timroth tables [55, 56). 


705 to 770 F 
measurements of Keyes, 


It is thought that 


the isometries of Timroth [54] were used for this purpose. 


interesting to note that two equations of state were given in the 
1952 and 1958 Timroth tables. The first equation describes the 
whole range of parameters covered by the tables with the excep- 
tion of those near the saturation line and the critical region. The 
second equation describes the region near the saturation line as 
well as the supercritical region. 
the specific-heat determinations of German [36] and Russian [54 


investigators. 


The values listed in the 1956 VDI tables [46] were taken from 


the Timroth tables [55]. 


Journal of Heat Transfer 


Both equations were based on 


The Faxen table values were computed by means of the equa- 
tion of state suggested by Juza [20]. Juza derived the equation 
from calorimetric measurements made in Germany [36], England 
[11], and Czechoslovakia [13], and from volume measurements 
made in the United States [27]. No mention was made by Faxen 
for the basis of the values of superheated water vapor in the 
critical region. Recently, however, Juza [21] proposed an equa- 
tion of state of the form p = F(v, 7’) which is valid in the critical 
region. He found that it was not possible to represent the com- 
plete region with a single equation. A comparison of the values 
derived by him [21] with values derived from appraised measure- 
ments in the critical region will be given in a later paper [39]. 

The equation of state by Tanishita [52] was used to compute 
values listed for superheated vapor in the 1955 JSME tables [1]. 
In the critical region values were derived by interpolating graphi- 
cally the data adopted at the TIC [2]. 

The data of the various steam tables are given in Table 13 and 
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Keenan 3206.2 .0503 0843 «1220 
and Keyes | 3300 | .0905 .1037 .113, .1215 
-0557 -0823 +1047 +1126 +1195 
3700 .o3z0 | .0371 | .0557 | | 117 | .1277 
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Fig. 4 Pressure-volume diagram for water 


a comparison is given in Fig. 4. Lines were drawn through all of 
the Keenan and Keyes’ data and broken lines through the 1952 
Timroth values in the subcooled-liquid and superheated-vapor 
region. The good agreement in the subcooled-liquid region is not 
surprising, in view of the fact that all values were derived from 
the Smith and Keyes’ measurements [49] or the equation of 
Keenan [22], which was based on the Smith and Keyes’ data. 

In the superheated-vapor region there are significant dis- 
crepancies between the data of various tables. Along the 734 F 
isotherm, for example, the deviation between the Faxen and Tim- 
roth values of pressure at a specific volume of 0.050 cu ft per lb is 
about 170 parts in 10,000, while the deviation between the 
Vukalovich and Timroth values of pressure at 0.056 cu ft per lb is 
about 130 parts in 10,000. Similarly, at a volume of 0.041 cu ft 
per lb along the 716 F isotherm the deviation between the JSME 
and Timroth values amounts to about 160 parts in 10,000. At 
higher specific volumes the deviations in general tend to be 
smaller. However, there are some exceptions which may be 
noted, for exantple along the 698 F isotherm at a volume of 0.088 
cu ft per lb the deviation between the Faxen and Timroth values 
is about 70 parts in 10,000. 

Above 752 F the figure indicates satisfactory agreement be- 
tween the various data. However, in this region it may be 
noted that there are no marked changes in the trends of the iso- 
therms. 

The foregoing deviations between the derived data in the steam 
tables are significant, in view of the fact that they exceed the 
experimental uncertainty in the measured data. Therefore it 
may be concluded that either the experimental data were inter- 
polated incorrectly or that estimates made of experimental error 
were not correct. 


One important conclusion reached as a result of this survey is 
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that it is virtually impossible to derive accurate values for such 
important thermodynamic properties as density, coefficient of 
volume expansion, and compressibility from the existing data 
in the various steam tables. To remedy this situation pressure- 
volume-temperature data will be taken at relatively small inter- 
vals in the next paper. These proposed values [39] are more 
accurate than those appearing in the various steam tables, since 
deviations from the original experimental values are entirely 
within the experimental uncertainties. 


Critical Data 


This survey would not be complete if various investigations on 
the critical point were not reviewed. At the turn of the twentieth 
century opinions were held by many investigators [45] that the 
region above the point of meniscus disappearance might be a two- 
phase region. This probably was the underlying cause for the 
many investigations conducted on the critical point in the past 
two decades. In some investigations a transparent closed con- 
tainer was used to observe visually the point of meniscus dis- 
appearance. In the other investigations the critical point was 
investigated by analyzing calorimetric and volumetric data. 

Table 14 gives values for the critical constants derived in this 
century with the exception of that in the first entry. As a matter 
of historical interest alone, the critical point was first observed by 
la Tour* in 1822 with a bent, sealed tube. A sample of water was 
contained in one arm of the tube, while air to indicate the pressure 
was in the other. Mercury, which separated the water from the 
air, served as a transmitter of pressure. A value of 683.6 F was 
obtained for the critical temperature. The reasons given for this 
low value [45] was that a foreign substance was added to retard 
leaching of the glass, and also the effect of mercury on the vapor 
pressure was not taken into account. 

Holborn and Baumann concluded from their measured iso- 
therms in the critical region that ‘the critical temperature was 
between 705.3 and 706.3 F. 

Several noteworthy experiments on the critical point were car- 
ried out subsequently with precision and care. H. L. Callendar” 
measured the pressure-volume-temperature relations of saturated 
water in the vicinity of the critical point. His experiments 
showed that the density of saturated water was about twice that 
of saturated vapor at the temperature where the miniscus dis- 
appeared; i.e., at 705.2 F. He further observed that the density 
of the vapor became equal to the density of the liquid at 717 F and 
3650 psia, which is considerably different from the modern day 
values of 705.5 F (374.15 C) and 3210 psia (225.65 kg/sq cm). 
He postulated that the region between the point of meniscus dis- 
appearance and the point of identical density was, in fact, a con- 
tinuance of the two-phase region. 

Callendar conducted calorimetric experiments (a) to corrob- 
orate his volumetric experiments, and (6) to investigate the 
effect of air and other impurities on the pressure-volume-tem- 
perature relation of water and water vapor in the critical region. 
He found that during condensation, in the two-phase re- 
gion above the point of meniscus disappearance, the pressure 
did not remain constant but increased uniformly. It should be 
pointed out that these trends are somewhat similar to that for 
isotherms in the region now accepted as supercritical. However, 
Callendar attributed the uniform increase of pressure during 
condensation to air in the water vapor. 

Unfortunately, there were differences between the amount of 
air contained in the water of the volumetric and calorimetric ex- 
periments. In the former, he considered the water vapor as being 
air-free, since it contained air in the proportion of 1 part out of 
10° by volume. In the latter experiments the air content was 


* The la Tour experiments are recorded by Preston [45]. 
%” Some of Callendar’s observations were recorded by Jakob [19]. 
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Table 14 Critical constants for water derived from experimental data 


Pressure 


Investi,ators psta cre /prem 


cpecific Volune 


Teaperature 


Tour, 1822, 45 


Traube Tichener, 1904, 


tf. 7 


Holborn and scumann, 2910, 
Ref. V. 


Schroer, 1927, Ref. &7. 


Caller car, L., * 1329, 
Ref. 5. 


Callencar, H. 1929, 
Ref. 5. 


Keyes ond Sm‘th, 1931, 
Ref. 25. 


Frerton and Cailendar, 
1932, ef 10. 


Nieuwenburg and Blunencal, 


1932, 28 226 


Smith, et 193k, 225.41 


Eck, nef. 9. 225.51 


Havlicek and Miskovsky, 1936, 225 to 
Rof, 13 227_ 


Osborne, et al., 1937, 


Ref. 13. 225.65 


Timroth, 1952, Ref. 55. 225.65 


Kirillin, 1955, Ref. 30. 225,65 


Nowak and Grosh, 1959, 39. 225. 5k 


appreciably higher, being about 2 parts in 10 by volume of aif. 
Callendar did not measure the enthalpy of air-free watet for 
temperatures above 705.2 F, but merely conjectured that during 
condensation there should be no increase in the pressure. It ap- 
pears, therefore, that his conjecture was invalid since it was not 
based on experiment. Callendar, therefore, was not justified in 
attributing the uniform increase of pressure during condensation 
to air in the water vapor. 

Similar objections to the observations of Callendar were made 
earlier by Davis and Keenan [6] and requoted in [19, 39]. Davis 
and Keenan mentioned that the measurements of Callendar were 
not accurate enough to decide whether the slopes of the isotherms 
should be flat or slightly curved in the immediate vicinity of the 
critical point. In view of the foregoing discussion the measure- 
ments of Callendar are not of utility to this paper, since his pres- 
sure-temperature measurements were not as accurate as estimated 
{6], and since it is probable that air (impurity) was present to 4 
larger amount in his volumetric and calorimetric experiments 
than estimated by him. 

Experiments subsequently carried out by Havlicek and Miskov- 
sky [13], Egerton and Callendar [10], and Koch [34] showed that 
only one phase existed above the critical point. Havlicek and 
Miskovsky [13] concluded, from their measurements of enthalpy 
and specific heat, that the critical pressure lies between 3200 and 
3225 psia. They found that the enthalpy of vaporization was 
zero for temperatures greater than 706 F. 

Keyes and Smith [25] and Smith and Keyes [49] derived 
critical constants from their P-V-7' measurements. No explana- 
tion was given for the significantly different values for the critical 
volume in the Keenan and Keyes’ tables [23]. 

Nieuwenburg and Blumendal [38] derived critical constants 
from their measured isometrics in the critical region. They were 
of the opinion that the critical volume derived was slightly un- 
reliable, being somewhat less than the true value. 

The method used by Osborne, et al. [43], to derive the critical 
constants of water was not given. However, it appears that these 
were evaluated from their saturation pressure [4] and calorimetric 
[43] measurements. 

Timroth [55], Kirillin, et al. [30], and reference [39] derived 
critical volumes by essentially identical methods. The assump- 
tion made is that the isometrics in the critical region are linear 
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over a limited range of pressures, volume, and temperature. 
Furthermore, the method is based on the fact that the change of 
saturation pressure with temperature (dP,/dT'’)p., 7, is identical 
to (OP/dT)"«. They [30, 39, 55] derived almost identical values 
for the critical constants of water. Their values are to be recom- 
mended, since the method employed to derive them involves the 
use of volumetric data in conjunction with saturation pressure 
data. 


Conclusions 


Saturation pressures computed from Osborne and Meyers’ 
formula are recommended for use, since the formula was derived 
from a series of accurate and independent measurements. The 
deviations of the experimental measurements from the computed 
values of the formula are entirely within 5 parts in 10,000. 

There is agreement to within 1.2 per cent between the specific- 
volume data along the vapor saturation line of Osborne, et al., 
Eck, VDI, and Timroth (VTI) up to a temperature of 702 F. 
However, the Osborne, et al., and VTI data are to be preferred up 
to this temperature, since they are consistent to within 0.5 per 
cent. From 702 to 705.2 F there is good agreement between the 
Eck, VDI, and VTI data. These are to be preferred, since in this 
range the Osborne, et al., data are in error. 

There is agreement within 1 per cent between the data of Eck 
Osborne, et al., VDI, and VTI for the specific volume of saturated 
water up to a temperature of 701 F. For temperatures between 
701 and 705.2 F the VDI and VTI data are to be preferred since 
in this range the Eck data are in error. 

The pressure-volume-temperature values of subcooled water 
in the Keenan and Keyes’ tables are to be favored over those 
listed in the Vukalovich, Faxen, and JSME tables, sinee the 
former were derived from the volumetric measurements of Smith 
and Keyes and the enthalpy measurements of Havlicek and Mis- 
kovsky, while the latter were only derived from Smith and Keyes’ 
data. 

In the superheated region, values for pressure, volume, and 
temperature in the various steam tables were derived graphieally 
from the volumetric measurements of Keyes, et al., Timroth(VTI), 
and Kirillin and the enthalpy measurements of Havlicek and 
Miskovsky and of Egerton and Callendar. However, the derived 
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data in the steam tables are not of utility because (a) the devia- 
tions in pressures of 100 to 200 parts in 10,000 existing between 
them are far in exeess of the experimental uncertainties, and (b) 
the data are given at large intervals, making it virtually impossible 
to interpolate and obtain accurate values for such functions as 
density, coefficient of volume of expansion, and so on 

None of the various equations of state has been completely 
successful in the critical region. The various theories used in 
deriving the equations of state have failed to explain accurately 
the volumetric behavior in the immediate vicinity of the critical 
point 
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Smoothed Pressure-Volume-Temperature 
Data for Water in the Critical Region 
Derived From Experimental Measurements 


A graphical technique was used to derive pressure-volume-temperature data from 
previous American, Czechoslovakian, and Russian experimental measurements. The 
data were derived at close intervals throughout the region encompassed by pressures from 
3000 to 4000 psia, specific volumes from 0.030 to 0.120 cu ft per lb, and temperatures 
from 690 to 752 F. The average deviation of experimental values of pressure from the 
derived values was less than one part in 10,000 in the region for specific volumes greater 
than the critical volume (0.0525 cu ft per lb) and was less than ten parts per 10,000 in 
the region for specific volumes less than the critical volume. These deviations are 
thought to be insignificant since they are entirely within the uncertainty of recent ex- 
perimental measurements [8).' Ina previous paper |13), deviations of some 100 to 200 
parts in 10,000 in pressure were shown to exist between the data of various steam tables. 
Since the data in the steam tables were derived from the same primary data used in this 
paper, one may conclude that thcse deviations greatly exceed the experimental un- 
certainty and must therefore be charged to previous interpolation methods and the pre- 
vious paucity of data. One of the important results of this study was the establishment 
of the fact that there was excellent agreement between recent measurements by Kirillin, 
et al. [7-10], and older measurements by Keyes and Smith |5| and by Havlicek and 


Miskovsky {2}. 


Introduction 


© EQUATION of state for steam has yet been derived 
which represents accurate experimental measurements to within 
their experimental uncertainties throughout the critical region. 
In 1949, Keyes [6] derived an equation of state for steam having 
the form P = F(V, T) from his experimental measurements [5]. 
However, he found that in the range of pressures, specific vol- 
umes, and temperatures of interest in this paper, the equation 
failed to represent his measurements to within the experimental 
uncertainties. In addition, the values of enthalpy calculated 
from his equation were not in agreement with the precise enthalpy 
measurements of Havlicek and Miskovsky as the critical volume 
was approached. He concluded that to derive an accurate equa- 
tion of state it is necessary to have additional volumetric measure- 
ments for steam in the critical region, as his own measurements 
were recognized as being taken over too coarse an interval of 
pressure, volume, and temperature. 

In reference [13] a survey was made of experimental and 
smoothed P-V-T (pressure, specific volume, temperature) data 
available for water in the critical region. It was found that even 
though extensive measurements were now available, there was 
a lack of smoothed data in the various steam tables at close in- 
tervals of pressure, volume, and temperature. Therefore the 
purpose of the work reported in this paper was to rectify this 
situation by deriving accurate P-V-T values at sufficiently close 


! Numbers in brackets designate References at end of paper. 

? After the work of this paper was completed it was noted that 
Juza’s most recent equation [4] was successful in representing ex- 
perimental measurements in a part of the critical region. 
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intervals in the critical region. 
theoreticians were unsuccessful in their attempts to derive an 
accurate equation of state it was decided to derive P-V-T in the 
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critical region by a graphical technique. The graphical tech- 
nique used to derive these data along with the error analysis is 
fully explained herein. 


Saturation Data 


P-V-T values along the saturation line were derived from the 
measurements considered reliable in reference [13]. Fig. 1 gives 
a comparison between the derived and experimental values of 
specific volume along the liquid and vapor saturation line. A 
tabulation of the derived values is given in Table 1. 

The values derived for the specific volume of saturated liquid 
up to 3100 psia are essentially the arithmetic mean of the values 
given by Eck [1], Osborne, et al. [16], and those given in the steam 
tables of Schmidt [17] and Timrot [19]. From 3100 to 3203 psia 
the derived values correspond to the arithmetic mean of the val- 
ues given in the Timrot and Schmidt tables. By means of the er- 
ror analysis in reference [13], it may be concluded that the 
specific-volume data of Table 1 for saturated water are accurate 
to at least '/, per cent. 

The derived values for the specific volume of saturated vapor 
up to 3127 psia correspond to the arithmetic mean of the almost 
identical Osborne and Timrot values, while those derived for 
pressures from 3127 to 3203 psia are the arithmetic mean of the 
Eck, Timrot, and Schmidt values. Up to 3127 psia the derived 
values are accurate to at least '/, per cent, and from 3127 to 3203 
psia the derived values are accurate within 1 per cent. 

The temperature values for saturation pressure up to 2900 psia 
were those obtained from the Osborne and Meyers formula [15]. 
The values, however, for pressures greater than 2900 psia were 
obtained by graphically interpolating the measurements given in 
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Table 3 of reference [13] by plotting pressure against tempera- 
ture. From the analysis given in reference [13] it can be de- 
termined that the values of Table 1 for saturation temperature 
and pressure do not deviate from precise experimental data by 
more than 5 parts in 10,000 for pressure. 


Recommended P-V-T Data for Superheated Water Vapor 


The P-V-T7 values of this paper were derived from measure- 
ments that were considered the most reliable in reference [13]. 
More specifically, the measurements of Kirillin [7-10], Keyes, 
et al. [5, 18], and those derived by Havlicek and Miskovsky [2] 
and by Osborne, et al. [16], were considered as if they were a single 
consistent body of data. This was done out of necessity since it 
was found that the data of Keyes and Smith, Havlicek and 
Miskovsky, and Kirillin, et al., did not, in themselves, form a 
comprehensive body of data in the critical region, from which 
accurate P-V-T values could be derived. 

It was noted in reference [14] that there were marked changes 
in the slopes of the isotherms in the critical region. In order that 
the experimental measurements be interpolated accurately it is 
necessary that they be plotted in such a way that they yield lines 
of small curvature. The graphical method used in this paper con- 
sisted of plotting the product of pressure and volume PV against 
volume V with temperature as a parameter. Thus, from such a 
plot, isometrics and finally isotherms were constructed at close 
intervals throughout the critical region. 

Fig. 2 is a small-scale reproduction of a PV-V plot in which the 
various experimental values were drawn accurately to a few parts 
in 10,000 with temperature as a parameter. At 716 F one may 
note the excellent agreement between the values of Keyes, et al. 
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Table 1 Pressure-volume temperature along saturation line 


Specific volume, cu ft per lb— 
aturated Saturated 
liquid vapor 

0.1118 
0.1075 
0.1030 
0.0985 
0.0939 
0.0893 
0.0844 
0.0824 


[5], Havlicek and Miskovsky [2], and Kirillin, et al. [7-10], and the 
corresponding smooth curve. This agreement is particularly 
noteworthy since the measurements of the Keyes and Havlicek 
groups were conducted about 25 years ago. 

From Fig. 2, values of PV were read at uniform increments of 
volume (usually every 0.002 or 0.003 cu ft per lb). These values 
were then divided by the specific volume to give pressure 
values which were subsequently used to construct the isotherms* 
shown in Fig. 3. Good agreement is seen to exist between the 


* Smooth continuous curves were drawn through computed values 
of pressure. 
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— 

Pressure, 

psia deg 

2700 679. 54 

2750 682.23 

2800 684.98 
2850 087-63 | 

2900 690.25 

2950 692.82 

3000 695.32 

3020 696.32 

3040 697.30 0.0354 0.0804 

3060 698.28 0.0359 0.0783 

= 3080 699.26 0.0364 0.0762 

| 3100 700.23 0.0371 0.0740 

3120 701.20 0.0378 0.0717 a 

3140 702.17 0.0386 0.0691 

3160 703.13 0.0396 0.0663 7 

3180 704.10 0.0411 0.0631 A 
3200 705.05 0.0443 0.0586 
3208 705.45 0.0525 0.0525 
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smoothed computed pressure values and the experimentally ob- 
served values. Fig. 3 shows conclusively that when equal weight 
is given all the measurements they form a consistent body of data 
which is more than adequate in tracing out isotherms in the crit- 
ical region. 

The values of pressure computed from the PV-V isotherms of 
Fig. 2 were next plotted against temperature for constant specific 
volume, and some of these isometrics are shown in Fig. 4 to 
illustrate the temperature dependence. 


For the range of pres- 
sures and temperatures shown it is interesting to note that, 
within experimental error, the isometrics between 0.045 and 0.060 
cu ft per lb are linear. Fig. 4 also indicates the excellent agree- 
ment between the data obtained from the various isotherms of 
Fig. 2. The only exception to this is the deviation of the data 
along the 720.4 F isotherm at specific volumes between 0.040 
and 0.051 eu ft per lb and at pressures between 3750 and 3950 
psia. These deviations which amount to as much as 30 psia in 
pressure are outside the limits of error and therefore the experi- 
mental values must be in error. Since the data along the 730.4 F 
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Fig. 2 PV-V isotherms in the critical region 


isotherm were derived solely from the measurements of Kirillin, 
et al. [7-10], Figs. 2 and 3, it was concluded that his two experi- 
mental values along the 730.4 F isotherm in this range were too 
high by as much as 30 psi.‘ 

Values of P-V-T read from Fig. 4 were plotted on a pressure- 
volume diagram. A small-scale reproduction of this diagram is 
given in Fig. 5 and the results are tabulated in Table 2.° 


* After the work described in the present paper was completed, the 
authors noted that Kirillin [11] had recently analyzed his measure- 
ments. From his analysis he concluded that some of his values for 
pressure along the 730.4 F isotherm were in error and were somewhat 
high. Kirillin’s new values [11] of P-V-T along the 730.4 F isotherm 
are in good agreement with the isometrics (dotted lines) of Fig. 4. 

* A large-scale diagram of Figs. 3 and 5 has been deposited as 
Document No. 6469 with the ADI Auxiliary Publications Project, 
Photoduplication Service, Library of Congress, Washington 25, D.C. 
A copy may be secured by citing the Document number and by 
remitting $5 for photoprints, or $2.25 for 35 mm microfilm. Ad- 
vance payment is required Make checks or money orders payable 
to: Chief, Photoduplication Service, Library of Congress. 
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Table 2 Pressure-volume-temperature data for subcooled water and superheated water vapor. Specific volume, cu ft per Ib. me 
Temp,°F 690 61 692 693 69% 695 695 697 692 699 
Press, psia 
«03187 203233 203283 203341 203412 00928 009 5k 
03132 203167 203209 203256 203308 203358 203450 08883 209150 
203114 | 03148 203187 203231 203279 203332 203397 003494 208425 208733 
203098 203129 003168 203209 203253 203300 203361 203437 203536 -08280 
203083 203113 203150 .03188 203228 203274 203331 203476 03584 
203069 203097 003134 203169 203206 203250 203300 203351 003426 093512 
203056 203082 203118 «03152 003186 203228 203275 203319 203385 203457 
203042 203069 203103 203136 203169 203207 203250 203291 002351 203412 
203029 03056 203086 203120 -03153 .03188 003227 203265 063320 203373 
203017 203043 203074, 203105 203137 203169 «93205 O3242 003293 203340 
203005 203032. , 03062. 203090 203121 203152 203188 °03221. «03268 203313 
«03000 203025 203055 203084, 203143 203179 203212 203257 203300 
203020 203048 203077 203107 203136 203172 203203 203245 .03286 
203014 203042 203070 203099 203127 203163 203194 203233 203276 
203009 203036 203063 203093 203120 203155 -03187 003223 003264 
203004 203030 003057 203086 203113 203147 203179 203213 203253 
203024, 203051 203079 -03106. 203139 203171 203203 
203018 203045 203072 93100 203132 -03163 203194 203231 
203012 203038 203066 «03092 203125 03156 2031.86 203221 
203007 293033 203059 203085 203117 203148 203177 203211 
03002 03027 205053 203079 2031)1 203142 .03168 203202 
,03021 03048 203073 03104 03134 -03161 © 03193 
203016 203041 203066 203097 «03127 203253 203185 
203010 203035 203059 203090 203120 203145 203177 
«93005 203030 203054, 203063 2031.13 203138 203168 
203000 203024 203047 203077 203107 o03131 203162 
203018 203042 203071 203100 203123 203154 
202012 203036 203064 -03093 203117 
203007 203031 203058 203087 203109 203139 
203002 203025 203052 203081. 203103 203132 
203020 203047 -0307/, 203097 203124 
P| 701 702 703 70h 705 706 707 708 709 
‘ 
210009 210345 2104% 210661 210785 210927 211065 211205 
209635 09850 210025 210205 210370 210525 210665 210820 010955 
209025 209260 209502 .09698 209900 210075 010246 210393 210553 210694 
208615 208870 209140 209357 009584 209765 209958 210115 210286 010435 
208127 208455 208757 208996 209247 209650 209828 210005 210169 
4 203639 007967 208330 208608 -06873. 09092 209335 209524, 209722 209892 
203554 003705 207790 205160 008477 208735 209000 209205 209420 209610 
203492 203603 293795 207625 08023 208335 208628 208865 209092 209310 
203442 003533 203666 203900 007463 207865 008225 208500 -08755 208983 
3 203400 203477 203582 203735 2014035 207255 007750 208105 208390 208640 
203367 03432 03516 203627 203787 204200 07122 07612 207988 08275 
203352 203409 2034.88 203567 203721 003975 206530 207320 207755 208075 
7 203337 203390 203464 203552 203668 203867 204,900 +07500 207870 
203323 203374 003440 203522 203623 -03788 004105 206385 007195 .07635 
203310 203358 203420 203495 203587 203724 203948 205220 «06835 207375 
203297 003343 003401 203471 203555 203675 203845 004255 206260 207060 
3260 203284, 203330 203384, 2034148 203528 203631 203773 201,037 205310 206690 
3270 «03273 203317 03368 203427 203501 203595 203720 203911 204150 206155 
3280 203262 203303 203353 203409 2034.78 203564, 203675 203831 204160 205440 
3290 203250 203292 203339 203393 03456 203536 203636 203772 201005 201,700 
3300 203240 203280 203326 203378 034,36 203512 -03602 203722 203900 204265 
3310 203229 203269 203714 203363 203418 203488 203572 203679 003827 206077 
3320 203220 203258 203302 203350 203401 203467 2035L3 203641 203772 203961 
3330 03211 .03248 .03289 03337 0336, .034h7 03518 .03607 03723  .03882 
3340 203202 203238 203278 203323 203370 203428 203495 003577 203682 203817 
3350 203193 203228 -03267 203311 203356 203412 203474 203549 203646 203766 
3360 203186 003219 203257 203299 203343 203394, 003454 203524 03614 
3370 203178 203211 003247 203288 203330 203379 203436 203501 
3380 203171 203202 203237 203277 203317 003418 «03480 003558 203652 
3390 03163 -03193 203228 203267 203306 203352 203402 034452 003534 03621 
3400 203156 03166 203218 003256 203293 203338 203387 203443 203511 203591 
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Table 2 (Continved) 
Temp, °F 710 ni 712 73 Th 17 8 19 
Press, psia 
3000 
3020 211065 211195 : 
210830 210960 211075 
210582 10718 10842 210992 211122 211250 
210335 210470 210595 210750 -10880 211008 11133 
5 210068 10212 210355 210504 210638 210765 210896 212022 211137 .11258 
209788 209945 210100 210255 210388 210525 210665 210787 10915 -11030 
209505 209665 209636 «10000 10135 10277 210425 210550 210690 10805 
09192 209378 209565 209733 210050 210185 210457 010577 
206883 209075 09260 209457 209780 09940 »10075 210223 210345 
206545 208757 208985 209175 209527 209687 209833 209985 210115 
208366 208602 208835 209025 209393 2009557 209710 209665 209996 
208175 208,33 08865 208875 209258 209425 209582 09737 209875 
207980 2C8250 208500 208725 209120 209293 209455 209615 209755 
2077 58 208064 -08338 208975 209160 209327 209635 
207522 207863 -08158 208410 208625 209023 209192 209363 209515 
207255 207645 207970 208243 208679 208880 209065 09235 209390 
3270 06955 207765 08065 208525 208736 208925 209107 209270 
3280 206590 207165 007542 207870 -08373 208590 208785 208975 209137 
3290 206100 206870 207305 207662 208220 208435 208640 208838 209015 
3300 205500 206515 207055 208045 08278 208495 208692 208880 
206055 206772 207215 207870 208336 208550 208745 
3320 204,371 «95525 206435 206973 207675 207948 208175 208405 208608 
3330 204190 204990 -06001 206700 207482 207773 208012 205253 208471 
3349 204029 00485 205545 206375 207277 207578 207835 208097 08321 
3350 203934 204,261, 205075 205985 07058 207385 207667 207933 208165 
3360 204112 204625 205575 206817 oO7185 007495 , 08005 
3370 203808 204004 204340 205173 206548 208977 207308 207589 2078L0 
3380 203763 203921 204188 204,76) 206245 206750 07115 207417 07672 
3390 293720 203858 -01,080 204420 205925 206505 206913 007506 
34,00 203683 203808 203994 204267 205606 206227 206688 207050 297327 
Temp, °F 720 722 72h T26 || TH 732 734 7% 738 
Press, peia 
1 3020 
3060 
3080 
720 211145 ’ 
210926 
760 «10705 210930 
3160 210480 210720 210936 11160 
3200 210250 210500 210725 210946 011172 
320 ~10135 210393 210620 210843 11070 
3220 «10022 210280 210515 910735 -10965 211160 
323C 209905 210175 210405 211065 
3210 209783 210062 «10295 210525 210760 210968 211160 
3250 209665 209945 10185 210420 210650 210865 11060 
3260 209545 209833 ~10077 210313 210550 10770 10960 11175 
3270 209428 09723 209970 210203 210665 210860 211075 
3280 209305 09605 ~09860 «10100 210339 21056, «10759 210975 221160 
3290 209490 209750 209992 210210 210466 210660 210878 11075 
3300 209052 09370 209635 09883 210135 210363 ~10565 210775 210979 211162 
3310 208923 09250 209525 09775 »10030 210262 210469 2106350 210880 211070 
3320 20€792 209128 209413 209670 209923 10162 10373 210978 
3330 «08659 «09297 «095600 10,92 1080 
3370 -0808% ~08480 -08812 209388 09640 209820 10112 ~10320 10518 
3380 207930 2086335 206685 -06987 09282 209533 .10015 ~10223 10422 
3390 07772 068192 208561 08871 209422 209680 09915 10127 10330 
207607 208048 208430 09052 209315 209580 -O98L7 210033 210237 
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Table 2 (Continued) | 
Temp, °F 740 742 Temp, °F : 
3420 203009 203035 203063 203084, 
3010 203013 0305 
3120 3340 03017 
3200 3620 
3210 3640 
3220 3660 
3230 3680 
3240 3700 | 
3250 3720 
3260 3740 
3270 3760 
3260 378 
3290 3800 a 
3300 3820 
3320 | 3840 
3320 11168 3860 
3330 1254, 3880 
3340 210972 211152 3900 
3350 210872 911055 11250 3920 
| 3360 210780 ,10963 11150 3940 4 
3380 10600 .1078  .10%5 21135 3980 
3390 10516 10703 10877? 21050 4000 
34,00 10427 10613 010799 11226 
‘ 
| Temp, °F 699 700 701 702 703 70% 705 706 7107 708 4 
Press, peia 
3420 203112 203171 203201 03237 03272 203 58 
3440 03098 03128 03157 03185 -03218 03252 “03395 
3460 0308,  .03126 03142 03171 .03200 03233 03269 03309 03353  .03403 
31,20 203073 03103 03129 203157 03186 03216 203250 203207 03329 20337% 
3500 03061 03091 <03116 03143 03172 03200 ,03231 03267 03306 03348 
3520 03049 03078 203104 .03130 03157 03186 03214, 203247 03283 
3540 03038 03067 203092 03117 03171 03199 03229 03263 203302 
3560 203027 203056 203080 203105 203132 203158 203166 203212 003245 203280 
3580 203017 203045 003068 203093 003119 203172 203198 203226 203262 
3600 03007 203035 03058 203082 03107 03132 203159 02185 203212 _,03243 
3620 03024, 203047 203071 203095 03119 03147 031.72 03198 003227 
3610 203014 203037 203059 03064, -03107 203134 203158 203184 203212 
3660 03027 03049 203073 203095 03122 203146 03272 207198 
3680 03017 203038 03062 203084, 03110 203133 03159 0318, 
3700 203007 03028 203051 03073 «03098 03122 203148 03172 | 
3720 03018 203041 203063 .03087 203110 203136 03160 
3740 203008 03030 03052 203076 203099 203124, 203148 
3760 03000 203019 .03042 03065 03087 03135 
3780 03032 203055 03077 03102 03124 
3800 203002 03022403045 03066 403092. 03113 
° 203046 203073 203091 
” 3860 203016 203037 203052 203081 |. 
3880 203007 203027 203052 203072 
3900 203018 203042 ° 03061 
3920 203009 203032 203051 
203000 203023 203041 
3980 
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Table (Continved) 
Temp, °F 709 710 nmi n2 
75 Th 715 76 717 ne 
3420 03539 603620 03725 03855 .0K037 604930. 06191 08635 
3.460 03458 03523 03600 03684 .03932  .05075 05610 
3520 203366 = 03416 03469 03533 «03607 «= 603692 «03912 04310 
3540 203341 03367 = 03435 - «03637 «03726 03950 041.27 
3560 03317 #03362 203405 03459 -03519 03589 03667 03753 203990 
3580 03297 03378 203429 203483 03547 203614 03883 
3600 +0327 +0331 203353 03451 .03508 03568 03641 03795 
| 3620 203258 = 603295 03332 03528 ,03597 203730 
03212 03275 03312 .03350 203394 03442 03493 203555 03675 
3660 +03226 0032570 03292 «03326 03369 03635 
3680 03212 603239) 03273 03306 «03346 03387 03433 03603 
3700 0322, = «03256 03288 0332, 03362 «03408 9.03455 203570 
3720 003184 «03208 .03239 03271 03305 03339» 03363 0327 .03535 
3740 203170 203194 0322, 203254 03286 07718 203359 .03401 203504, 
3760 03157 03182 203210 203238 03268 03300‘ «05337 03377 03473 
3800 203134 203156 07209 93336 203265 203296 203333 203420 
3620 -03123 203145 031 . 203249 203279 203314 033928 
3840 03134 ,03158 0383 03207 50323, 503263 .03375 
3860 203099 203147 203170 202193 203219 203248 203278 203352 
3880 03088 203113 203136 203158 03182 203207 .03233 203261 03329 
3900 203077 203104 203126 203147 -03169 03193 203311 
? 3920 03067 03093 03182 03205 ,03252 03288 
-03058 03083 203107 .03127 03147 ,03193 203216 .03271 
3980 
400 
Teap, “F 719 720 722 72h 726 723 730 732 7% 
Press, peia 
34,20 -06976 207277 207760 208170 086515 208612 209090 209360 209614 09638 
06576 206930. 207885 08263 08575 08865 207168 09410 -09643 
34460 06115 006545 207130 207605 -06007 6083333 20864) 209200 
3480 05640 06097 06797 07318 07742 08092 08415 08721 08991 09216 
3500 05163 05638 206450 07022 -O7h73 «07852 208185 084,90 208780 209045 
3520 04681, 05196 06060 06713 -07205 0760, .07955 08265 08570 0880 
3540 04350 04773 05660 06392 06925 07350 .O7715 208041 08347 08635 
3560 O4L10 05258 06030 -06630 07092 07821 08130 206420 
| 3580 204030 204206 05650 06327 06830 «, 07210 07593 ,08206 
3606 204,065 04,522 205285 06015 206561 207000 207371 207705 08002 
3620 -03960 204285 204940 205677 406275 06750 207136 207490 207797 
3640 -03872 204129 01622 -05346 .05978 206496 206900 207272 207586 
3660 03792 04377 05023 .05679 206671 207055 207380 
3680 -03727 -03933 04213 04720 ,05375 «05965 06435 06835 07176 
3700 0367 03855 201096 205080 - 05686 06195 606616 06967 
3720 03639 03780 03996 204807 05406 05954 06397 06762 
3740 .03%12 ,0372 03913 204535 205130 205692 06163 06553 
3760 03582 03675 03845 004862 05432 , 05925 +06339 
3780 203550 04605 -OSL7L 05686 06126 
3840 203462 203553 205457 
203433 03525 204755 05240 
5820 202410 +03500 04555 05032 
3900 03387 203466 04835 
3920 203361 203437 204660 
3940 203335 03410 204500 
3960 
1000 


— 


Table 2 (Continved) 


3980 
1,000 


Table 3 Results of statistical analysis of data of Table 2 
V > 0.0525 V < 0.0525 
cu ft per Ib cu ft per Ib 
(volumes above (volumes below 
Item critical ) critical ) 
* Mean deviation 7 
(parts per 10,000)... y= -0.5 y — 10 
* Standard deviation o 
(parts per 10,000) 
Number of data points, 
one's 
Number ‘of points fall- 
ing within 3¢ of mean 


n 


Poss — Pras 
= and y, = ( 104 


aw? Prap 


In the difficult region encompassed by specific volume from 
0.0300 to 0.0400 cu ft per lb, where large changes in pressure occur 
for small changes in volume, P-V-7' values were derived by start- 
ing with a large-scale plot of Fig. 3. That is, the measurements 
of the Havlicek, Smith, and Kirillin groups were plotted on a P-V 
diagram. Finally, isometrics and isotherms were constructed as 
before. The agreement between the measurements of Havlicek, 
Smith, Keyes, and Kirillin was fair but not as good as that found 
in the region for specific volumes greater than 0.040 cu ft per lb. 
More specifically it was found from a large-scale plot of Fig. 4 
that the experimental measurements of Smith and Keyes [18] 
and Havlicek and Miskovsky [2] between 0.0300 and 0.0330 cu ft 
per lb along the 698 and 705.2 isotherms were in error. 


Error Analysis 


Fig. 6 gives deviations of the observed pressures from the 
derived values of Table 2 and of Fig. 5. The results of a statistical 
analysis, given in Table 3, indicated that the mean deviations 
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for specific volumes greater and less than the critical volume was 
within | and 10 parts per 10,000, respectively. The analysis also 
showed that the probable error (0.675¢ ) is within 5 parts per 10,000 
for volumes greater than the critical while it is within 30 parts 
per 10,000 for volumes less than 0.0525 cu ft per lb. These 
deviations are not significant or serious since the experimental 
error in the recent measurements of Kirillin [9] is about 20 parts 
in 10,000, and in the immediate vicinity of the critical point the 
error was estimated to be higher. It may be concluded therefore 
that the P-V-7 values derived in this paper and given in Table 
2 are precise since the error in them is small and entirely within 
experimental uncertainty. 

With the exception of the deviation for specific volumes less 
than 0.040 cu ft per lb, along the critical isotherm there is re- 
markably good agreement between our tabulated values and those 
computed by Juza’s most recent equation of state [4]. This 
equation is based on the calorimetric measurements of Havlicek 
and Miskovsky [2] and presumably supersedes the equation first 
derived by Juza [3] some 25 years ago from the same calorimetric 
measurements. The equation is of the form P = F(V, 7) and 
will not be discussed here since it is still being modified by Juza. 
However, there is some evidence not shown in Fig. 6 which indi- 
cates that the equation is not successful in representing the 
P-V-T behavior in the superheated-vapor region at specific 
volumes less than the critical specific volume. For example, along 
the critical isotherm at a volume of about 0.03 cu ft per lb the 
deviation between the computed value of Juza and our tabulated 
value is minus 150 parts in 10,000. For volumes less than 0.0525 
cu ft per lb, it may be concluded that Juza’s equation of state is 
not too successful in representing the P-V-T7 relation of water. 

The authors have endeavored to make a reasonable estimate of 
the accuracy of the values appearing in Fig. 5. One may conclude 
that the reason for the significant deviations amounting up to 
about 200 parts in 10,000 between P-V-T7 values in various steam 
tables was because of the paucity of data at the time of the 
formulations and because inaccurate interpolation techniques and 
equations of state were used. 
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Temp, °F 738 Ted 7h2 ThA 748 73% 752 
Press, psia 
34,20 211050 210249 210442 910622 210791 210955 211121 011255 
3440 209868 210067 910263 0104,50 210616 010787 210959 211100 
3460 209680 209885 210089 210279 LOLLE 210617 210790 210942 
34,80 OF, 88 209703 209913 210105 210275 210455 210627 210781 
3500 209290 «09520 209735 209935 210109 210291 010465 010628 
at 3520 209095 209334 209555 209760 299943 210131 210295 010472 ig 
3540 08892 209137 209365 209580 209775 209970 e10131 210315 
iy 3560 208680 2029.0 209177 209403 -09600 209800 09971 210152 
3580 208493 208750 208985 009225 209632 209805 209993 
3600 208291 08555 208797 209045 209255 209642 209633 
3620 -06068 208356 208620 208870 209082 209295 009672 4 
3640 207885 208162 208431 208683 208909 209121 209322 209512 
3660 207683 207963 208241 208500 208730 209160 209347 
3680 207775 208050 208313 08556 208775 08998 2091.80 
3700 07288 2075521 07857 204123 208378 208610 208830 209C21 
; 3720 207090 207587 207676 207939 205203 208440 208565 208863 
3740 206896 207204 207492 207760 208028 208271 208500 208710 
3760 206701 207020 0730.2 207580 «07853 208100 -08332 208555 
3780 206500 206625 207128 207407 207675 207929 208167 «08393 
3800 206303 206637 -0694,7 207229 207508 207765 208007 208237 
3820 206202 206459 206768 207045 207338 207602 007842 -08073 
380 20590/, -06263 206585 206061 -07170 007h35 207682 207922 
| 3660 205697 06072 0641206683. 07000 207267 
3880 205495 205883 206232 06515 206822 207092 007355 207605 
3900 05235 0569206055 06642 206925 0719007450 
3920 20502, 205502 05873 206176 054,72. 206761 207025 207289 
3940 «05305 05697 06587 06880) 07123 é 
201,927 005322 205696 206000 206277 206545 206800 
201,750 -O5131 05550 -05860 06127 206390 06610 
La 
n=1 
4 
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Fig.3 Isotherms for water vapor in the critical region 
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Critical Volume of Water 


The critical volume of water may be derived by evaluating the 
slopes of isometrics in the critical region. The method makes use 
of the phenomenological law that the change of saturation pres- 
sure with temperature at the critical point is identical to the 
change of pressure with temperature along the critical isometric; 
ie., 


(dP,/dT )p., % (1) 


Nieuwenburg and Blumendal [12] were among the first to use the 
condition given in equation (1) for locating the critical volume. 
However, the value so obtained by them was not considered pre- 
cise [12] as their P-V-7T measurements were not accurate. The 
foregoing condition has been used subsequently by Timrot [19], 
Kirillin, et al. [9], and also by the authors of this paper. 

Timrot showed that the slopes of his measured isometrics in the 
critical region at the saturation curve were a function of specific 
volume alone. Incorporating this functional relation into equa- 
tion (1) he derived a value of 0.0528 cu ft per lb for the critical 
volume. In so doing he used a value of 21.3 psia/deg R for 
(dP,/dT)p..r. which was obtained from the differentiation and 
evaluation at the critical point of his vapor-pressure equation 
[19]. He used values of P,, 7, which were identical to those listed 
by Osborne, et al. [15]. 

Kirillin derived a value for the critical volume which was identi- 
cal to that derived by Timrot. Kirillin’s method is not clearly 
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given, but he states: ‘The critical specific volume of water was 
determined on the basis of the experimental data and by consider- 
ing that the critical isometric should be generally tangent to the 
saturation curve at the critical point.”’ 

The authors derived a value for the critical volume of water 
which is in good agreement with that obtained by Timrot and 
Kirillin. Use was made of the fact that within experimental 
error the isometrics shown in Fig. 4 are nearly linear and hence 


(0*P/dT*)y, = 0 (2) 


The following relation may be obtained for the pressure and tem- 
perature along the critical isometric from equations (1) and (2): 


P= + P, (3) 


After a careful consideration the following values were used for 
the constants in equation (3): 


(dP,/dT)p,, 7. = 21.4 psia/deg R 
P, = 3207.9 psia 
T,. = 705.5 F 


The value for (dP,/dT)p,,r. is the mean of the value obtained 
from Timrot’s and Osborne and Meyers’ vapor equations. The 
value for 7’, is the mean of the values proposed by Smith, et al., 
Osborne, et al., and Eck while the value for the critical pressure 
P, is the mean of the values proposed by Smith, et al., and Os- 
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Fig. 6 Deviations of observed pressures from 
tabulated values 


borne, et al. The values of pressures computed using equation 
(3) for temperatures from 706 to 730 F were used to obtain cor- 
responding values of specific volumes from a large-scale diagram 
of Fig. 5. From the values of specific volume so obtained it was 
concluded that the critical volume of water is 0.0525 + 0.0005 cu 
ft per lb. It is interesting to note that at a volume of 0.0525 cu ft 
per lb and at a temperature of 705.5 F, a value of 3208 psia is 
read for the critical pressure which is in excellent agreement with 
the value chosen for use in equation (4). 


Conclusions 


Smoothed ?-V-7 data for water in the critical region were de- 
rived from the experimental work of various investigators. A 
statistical analysis indicated that the average deviations of the 
P-V-T data of Table 2 from experimental values are entirely 
within some | and 10 parts in 10,000 in pressure for specific 
volumes greater and smaller than the critical volume, respec- 
tively. These deviations are not serious in view of the fact that 
they are entirely within the limits of experimental uncertainty 
of recent measurements which have been estimated at about 20 
parts in 10,000. The values derived in this paper are recom- 
mended for use because the errors in the values of existing steam 
tabulations are outside the experimental uncertainty. Further- 
more, the values of this paper are given over close intervals of 
pressure, volume, and temperature enabling one toobtain accurate 
values for the density and the coefficient of volume of expansion. 

In 1950, Timrot and Vargaftik [20] stated that the older data 
of Keyes [5, 18] and Havlicek [2] were seriously in error. How- 
ever, in this paper it is shown that the data of Keyes and Havlicek 
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were in excellent agreement with the measurements of Kirillin. 
At the conclusion of this investigation Prof. F. G. Keyes com- 
municated to the senior author the Russian article of Timrot 
{21}. A preliminary checking revealed excellent agreement 
(within a few parts in 10,000 in pressure) between the derived 
values of this paper and the actual measurements of Timrot. 

In references [13 and 14] it was noted that the values in the 
various steam tables were based on either the measurements of 
Keyes [5], or Havlicek [2], or the recent measurements of Kirillin 
{7-10} and Timrot [20]. Deviations of some 100 to 200 parts in 
10,000 in pressure were seen to exist between the data of various 
steam tables. In view of the results of this paper, the authors 
conclude that the significantly large deviations existing between 
the data of various steam tables can be attributed to imperfect 
analytical and interpolation calculations and the previous paucity 
of volumetric measurements. 
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Experimental Determination of Limit of 
Supersaturation of Nitrogen Vapor 
Expanding in a Nozzle 


The limit line of supersaturation of slightly superheated nitrogen vapor as it expands in 
a two-dimensional nozzle has been determined. The results indicate that the degrees of 


supersaturation vary from 12.3 F at a condensation temperature of 109 R to 3.5 F at 
126 R. These results are in agreement with work of other investigations with nitrogen 
gas initially at room temperature. 


= PHENOMENON of supersaturation, that is, the 
existence of a metastable state, is well known and has been 
studied by many investigators. The limit of supersaturation, 
known as the Wilson line, has been established for steam, pri- 
marily on the basis of the experimental work of Yellot [1].! 
The primary purpose of the work reported in this paper was 
to study these phenomena when slightly superheated nitrogen 
vapor expands in a nozzle, and to establish the limit line of 
supersaturation for nitrogen vapor under these conditions. 


Apparatus 


The apparatus used to conduct this investigation consisted of a - 


storage tank assembly, a nozzle-diffuser assembly, a photoman- 
ometer, a pitot tube assembly, a Sanborn recorder, and the neces- 
sary piping, valving, and insulation. 

The storage tank assembly was constructed to be essentially 
one tank within another. The inner tank was used for the storage 
of the nitrogen necessary for test runs, and the outer tank, which 
contained liquid nitrogen, was used to maintain a constant tem- 
perature in the inner tank. In order to provide sufficient nitro- 
gen vapor for the test runs, a capacity of four cubic feet was re- 
quired for the inner tank. Since both tanks were to be subjected 
to —320 F temperatures and pressures as high as 400 psig, 18-8 
stainless-steel type 304 was used in construction. The entire tank 
assembly was enclosed in a 5-in. jacket of insulation. 

The complete nozzle-diffuser assembly, shown in Fig. i, was 
made of aluminum to prevent corrosion and subsequent con- 


! Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at 
the Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of 
Tue American Society OF MECHANICAL ENGINEERS. Manuscript 
received at ASME Headquarters, August 19, 1959. Paper No. 60— 
8A-8. 


Nomenclature 


tamination of the nitrogen vapor. The nozzle-diffuser assembly, 
designed to discharge against a back pressure of one standard 
atmosphere, had parallel sides and was 1 in. wide with a nozzle 
exit area of approximately 0.5 sq in. The straight divergent sec- 
tion of the nozzle was machined to a high microfinish surface, and 
the sides were hand lapped to the side walls. Static pressure taps 
with a diameter of 0.04 in. were provided at half inch intervals in 
the divergent section of the nozzle. The nozzle-diffuser assembly 
was so constructed that the throat height was adjustable from a 
minimum of 0.0 to a maximum of 0.2 in. The side walls were 
securely clamped into position to eliminate leakage. 

The central body type diffuser assembly was so designed that 
the diffuser angle was approximately twice the divergent angle of 
the nozzle. The diffuser had a two-dimensional wedge which 
could be traversed along the axis of the entire length of the dif- 
fuser. The central body type diffuser was selected because the 
wedge provided a convenient support for the pitot tube in its 
traverse of the nozzle axis. The wedge angle was made slightly 
greater than the divergent angle of the diffuser. 

The stagnation pressure upstream of the nozzle was main- 
tained constant by a pressure regulating valve placed between the 
tank and nozzle assemblies. A valve positioner was used in con- 
junction with the pressure regulator to increase the response of the 
regulator. A bronze tube Bourdon gage, just ahead of the nozzle, 
was used to measure the upstream stagnation pressure. 

The nozzle static pressures were observed and photographed 
on a multiple tube photomanometer panel on which 13 different 
pressures could be indicated at one time. The asymmetry of the 
static pressure holes (see Fig. 1) in the nozzle block allowed a 
check to see that the flow was the same on the top and bottom of 
the nozzle. The stagnation pressure probe consisted of a 3-in. 
length of 0.042-in. diameter stainless-steel hypodermic tube with 
an inside diameter of 0.026 in. By use of this probe, which could 
traverse the nozzle center line, the stagnation pressure on the 
nozzle center line could be measured at any axial station. The 
probe was designed in accordance with the dimensions recom- 


axial distance downstream meas- 
ured from throat 

pressure in equilibrium with drop- 
let of radius r at absolute tem- 
perature 7 

static pressure at the onset of con- 
densation 

static pressure at station d 

stagnation pressure upstream of 
nozzle 
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stagnation pressure downstream of 
a normal shock 


stagnation pressure as measured 
by pitot tube 

static pressure downstream of nor- 
mal shock 

saturation vapor pressure in equi- 


librium with a liquid surface of 
infinite radius 


radius of droplet 
gas constant 
absolute temperature 


absolute temperature at onset of 
condensation 


density of liquid 


surface tension of liquid 
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mended in the National Advisory Committee of Aeronautics 
Technical Note No. 2223. 

The stagnation temperature of the working fluid entering the 
nozzle measured by a copper-constantan thermocouple, 
mounted in a tee just ahead of the nozzle, in conjunction with a 
Sanborn recorder. Fig. 2 is a schematic diagram of the apparatus. 


was 


Operation 


The test runs conducted were for nozzle entrance stagnation 
pressures of 4.38, 6.09, 7.80, 9.15, 9.84, 10.60, 12.90, and 13.22 
atmospheres. For each pressure the degrees of superheat was 
varied. The nozzle throat settings corresponding to the operating 
pressures were 0.195, 0.150, 0.125, 0.100, 0.090, 0.090, 0.060, and 
0.060 sq in., 

In preparation for a test run the nozzle throat area was first 
adjusted to one of the settings 


respectively. 


The storage tank was charged 
with liquid nitrogen and a period of time was then allowed for the 


Fig. 


generation of the pressure necessary for a test run. While equi- 
librium was being established in the tank, the 1-in. line connecting 
the tank with the nozzle-diffuser assembly was precooled by forc- 
ing liquid nitrogen through With this procedure it was 
possible to maintain approximately 100 deg F of superheat at the 
inlet to the nozzle. Following the establishment of equilibrium 
conditions in the tank and the completion of precooling, a test 
run was made. In general the duration of test runs did not 
exceed 45 sec. During each test run the following information was 
recorded: The stagnation temperature and stagnation pressure at 
nozzle inlet, the statie pressure along the nozzle block, and the 
measured stagnation pressure along the axis of the nozzle. 

The liquid nitrogen used was obtained from the liquid nitrogen 
generating machine operated by the Mechanical Engineering 
Department of the University of Michigan and the mass spec- 
The higher 
purity nitrogen used was purchased and guaranteed at 99.995 per 
eent purity. 


trometer analysis showed its purity to be 95 per cent. 


Photograph of nozzile-diffuser assembly 


WALL STATIC 
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Fig. 2 Sketch of apporatus 
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Determination of the Onset of Condensation 
From the Experimental Data 


Three different methods were used to locate the onset of con- 
densation, each involving a comparison of the actual expansion 
with an isentropic expansion. The first was done by plotting 
P./po' (the ratio of the measured static pressure to measured 
stagnation pressure at a given station—see Fig. 3 illustrating the 
nomenclature) versus Po’ /po, (the ratio of the measured stagna- 
tion pressure to the upstream stagnation pressure) for the actual 
expansion. For the isentropic expansion p,/po, is plotted against 
Po, /Pox (Poy is the stagnation pressure downstream of a normal 
shock of the given station and p, is the static pressure downstream 
of a normal shock given station). The actual and isentropic 
curves essentially coincide before condensation begins, and the 
point where the actual curve deviates from the isentropic curve 
marks the point where condensation begins. Fig. 4, which shows 
these plots for run 100-5, is a typical curve. It is evident that 
the departure from the isentrope is gradual and it is therefore 
difficult to precisely locate the onset of condensation by this 
method. 

The second method is quite similar and involves a comparison 
of the measured static pressure at given stations with the static 
pressure which would be achieved just downstream of a normal 
shock at that station with isentropic flow upstream. It was 
noted, as indicated in Fig. 5, that the measured stagnation pres- 
sure Was essentially equal to the isentropic stagnation pressure at 


that station. 


The isentropic static pressure at each station was 
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PRESSURE 
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STAGNATION 
PRESSURE — 
MEASURED 
STAGNATION 
PRESSURE 
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found assuming that the measured stagnation pressure at that 
station was the isentropic stagnation pressure at that point. 
When both the isentropic and measured static pressures were 
plotted against length along the nozzle, it appears that the two 
curves separate at the point where condensation begins. Fig. 5, 
which is also for run 100-5, is a typical curve. 

The third method involved the calculation of temperature 
throughout the expansion by a method developed by Nagamatsu 
and Willmarth [4]. In this method the temperature is calculated 
from the continuity, momentum, energy, and state equations. 
The calculated temperature is plotted against the measured static 
pressure and the onset of condensation is the point where the 
calculated temperatures depart from those for an isentropic ex- 
pansion. Fig. 6 shows this plot for run 100-5. 

The onset of condensation as determined by each of these 
methods was in essential agreement. As a check to make sure 
that the departure from isentropic expansion was caused by con- 
densation and not by flow breakdown or separation, several runs 
at elevated stagnation temperatures for given reservoir pressures 
were made. These results indicated the flow to be essentially 
isentropic throughout the nozzle and therefore the departures 
were considered to be caused by condensation. 


Discussion of Results 


The results of this investigation are shown in Figs. 7, 8, and 9. 
In Fig. 7 the calculated temperature at the point of condensation 
T. (as determined from a plot such as Fig. 6) is plotted against 
the condensation pressure p.. The vapor pressure curve for 
nitrogen is shown on this same plot. Three experimental points 
which are determined from the experimental work of P. D. Arthur 
and H. T. Nagamatsu [5] (with bottled nitrogen gas at room 
temperature) are also shown on this plot, and a limit line of super- 
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saturation has been drawn. The trend of curvature of the limit 
line is such that it appears as though at critical conditions 


supersaturation ceases to exist. 
known von Helmholtz equation, 


This is predicted by the well- 


20 

n P/Pe prRT* 

for at critical conditions where the surface tension vanishes the 
equation gives p/p, = 1. In the equation p denotes the pressure 
in equilibrium with the droplet of radius r at absolute tempera- 
ture 7, p.. is the saturation vapor pressure in equilibrium with 
a liquid surface of infinite radius at 7’, o is the surface tension for a 
flat surface (an assumption in error for drops the size encountered 
in condensation), p is the density of the liquid phase, and R is the 
gas constant. 

This limit of supersaturation curve can be used to predict the 
onset of condensation as well as the number of degrees of super- 
saturation for given initia] stagnation conditions. An isentropic 
expansion from some initial stagnation condition will intersect 
the limit line curve and this intersection indicates the tempera- 
ture and pressure at which condensation should be expected. 
Since the flow up to the onset of condensation was shown ex- 
perimentally to be essentially isentropic, the properties at the 
onset of condensation as well as the position in the nozzle at which 
condensation begins can then be determined. This is useful in 
that it enables one to determine the maximum Mach number 
that can be attained without condensation for given initial stag- 
nation conditions. The number of degrees of supersaturation can 
also be found from this plot by measurement on the temperature 
scale of the horizontal distance from the intersection of the isen- 
trope with the limit line to the saturation curve. 
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In Fig. 8 the supersaturation ratio p,/p.. (where p, is the meas- 
ured static pressure at the onset of condensation and p, is the 
saturation pressure for the calculated condensation temperature 
T.) is plotted on a log-log chart against the calculated condensa- 
tion temperature 7’... The three points from the work of Arthur 
and Nagamatsu [5] referred to previously are also shown on this 
plot. It is evident from Fig. 8 that the supersaturation ratio in- 
That is to 
say, for a given amount of superheat, the lower the initial pressure 
the greater the amount of supersaturation which can exist. 

Fig. 9 shows the limit line of supersaturation on a Mollier dia- 
gram. 

It should be mentioned that the results from the work of Arthur 
ind Nagamatsu 


creases as the condensation temperature decreases. 


[5] referred to previously are for much lower con- 
densation pressures and temperatures than those test results re- 
ported here. In fact, the solid phase of nitrogen is ordinarily 
observed at their conditions and, therefore, references 
may be tests in which solidification of the vapor occurs. The line 
representing the supersaturation could possibly have a discon- 
tinuity in slope in the vicinity of the line separating the liquid 
and solid phase. 

In realization of the fact that both the rate of expansion as well 
as the purity of the nitrogen could conceivably produce different 
results the authors contemplate pursuing this aspect of the prob- 
lem further. work with different 
divergent nozzle angles and variations of impurities in the flow is 
planned so as to observe the effect, if any, that this would have on 
the limit of supersaturation and to also observe whether the limit 
of supersaturation as reported here is the only limit line of super- 
saturation. 
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limit of supersaturation during rapid expansion for a gas which is 
extremely important but which presents many experimental dif- 
ficulties due to the low temperature and high pressure at which 
the experiments had to be conducted 

The authors have determined the point of condensation by 
measuring impact pressures along the axis of the nozzle ana 
comparing these with the calculated pressures which would ob- 
tain if isentropic expansion continued throughout the entire 
length of the nozzle. 
three different methods to determine the point where the actual 
expansion departed from the isentropic 

When the writer undertook in 1933 to determine the condensa- 
tion point of flowing steam, he followed suggestions made by the 
late Aurel Stodola who had observed the condensation point by 
allowing steam to expand through glass nozzles. 


Ciood agreement was obtained by using 


Using this tech- 
nique, it was found that the sudden formation of extremely small 
droplets enabled the condensation point to be seen clearly and 
photographed without difficulty. 
was then used to determine the actual pressures at the point 


A static pressure search tube 


where condensation was observed to occur. 

A plot of static pressure against axial position along the nozzle 
showed a characteristic ““bump”’ at the exact point where conden- 
sation was seen. In his discussion of the writer's first paper, 
reference {1}, J. H. Keenan showed that this bump was a neces- 
sary result of the condensation process 

There is a considerable body of literature on the subject of the 
condensation of flowing steam. The writer and C. K. Holland 
found that the condensation limit was markedly affected by the 
time-rate of the expansion. A nozzle was built in which the angle 
of divergence between the sides could be varied continuously and, 
with this nozzle, it was learned that there were a number of dif- 
ferent modes of condensation. J. T. Rettaliata, working with 
the original apparatus at The Johns Hopkins University, found 
that the roughness of the nozzle had a very important part to 
play in condensation. 

More recently, Prof. Watson Smith of the University of Florida, 
during the course of his graduate research at Purdue University. 
made a theoretical analysis of the condensation process for steam 
during a rapid expansion using the latest developments in nu- 
cleation theory. He found that there was a marked difference 
between the point at which condensation should oecur in a flow 
process, such an expansion through a nozzle, and in a nonflow pro- 
such as the Wilson Cloud Chamber. Strictly speaking, 
the term “Wilson line’’ should be used to refer to nonflow expan- 
sion, and another term, such as “‘Stodola line,’’ might well be used 
for the locus of condensation conditions during flow through a 
divergent nozzle. 


cess, 


In a private communication to the writer, one of the authors 
has expressed the hope that he will be able to continue the work 
on nitrogen, using both the static pressure traverse and the direct 
observation methods. It will be interesting to see how closely 
these methods check the work reported in the present paper 
Direct observation should also enable an estimate to be made of 
the size of the droplets which are formed and the rate at 
which they grow. 


Authors’ Closure 


The authors would like to extend their thanks to Mr. John I 
Yellott for his helpful comments. This investigation is currently 
being continued and it is planned to make use of both the static 
pressure traverse as well as the direct observation methods. 
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Some Temperature and Pressure Measurements 
in Confined Vortex Fields 


Studies were conducted on vortex flow generated within two right circular cylinders by 
injecting air through longitudinal vanes forming the chamber. 


The length to diameter 


ratios were 0.107 and 0.50. Experimental end wall static pressure distributions, some 
total pressures, and total temperature data are presented. The most significant finding 
was the large radial variations in the total temperature; this is related to the Ranque- 
Hilsch effect. Also discussed is the relationship between the static wall pressures and 


Introduction 


Max stup1Es have been conducted on the behavior 
of vortex flow confined within a circular cylinder, references [1 
through 9]' to mention a few. Of these the Ranque-Hilsch tube 
(both the uniflow and counterflow type) has attracted the most re- 
cent attention. The uniflow type tube consists of a cylinder open 
at one end and closed at the other. Compressed air is injected 
tangentially at the circumference adjacent to the closed end. 
The unique feature of this device is that the air mass in the central 
core has a lower total temperature than that of the inlet air while 
the air in the remaining annular region has a higher total tem- 
perature. The counterflow type Ranque-Hilsch tube is a uniflow 
tube which has a small hole in the center of the closed end for re- 
moving the cold air in the core. Thus the outlet air is split into 
a hot stream and a cold stream. This process is commonly re- 
ferred to as the Ranque-Hilsch effect, the total-temperature 
separation, or the energy separation, and has been studied in 
some detail in references [4 through 9]. 

Hartnett and Eckert [4], and Lay (5, part 1] measured radial 
distributions of the velocity vectors, total temperature, and total 
and static pressures at several axial positions downstream from 
the closed end in a uniflow tube. Pengelley [8] provided some 
velocity data and only a qualitative picture of the flow and tem- 
perature conditions in the region in contact with the closed end. 
Lay [5, part 2] and Deissler and Perlmutter [6 and 7] studied the 
Ranque-Hilsch effect analytically. The analysis in reference {7} 
agrees well with the data of Hartnett and Eckert and with the 
gross results of Hilsch [9]. 

Presented here are some preliminary results from experimental 
studies of vortex flow inside two right circular cylinders using air 
as the fluid. These measurements though incomplete reveal 
something of the actual flow conditions in a vortex. In addition, 
these data may provide further insight into the Ranque-Hilsch 
effect, although the study of this phenomenon was not the prime 
aim of the vortex investigation. 


Apparatus 


Figs. 1 and 2 show the two vortex chambers used in the present 
experimental program. Guide vanes of each vortex were spaced 
equally around the circumference of a circle, forming the surface 
of a cylindrical chamber, and imparting a swirl to the air as it 
passed inward from the inlet chamber. The air within the cylin- 
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the effective velocities in the vortex. 


der discharged through an exhaust hole in one end. Vortex 1 
operated under positive gage pressure and exhausted into the 
room; whereas, vortex 2 operated at essentially atmospheric 
pressure in the inlet chamber and discharged into a vacuum ex- 
haust system. In vortex 1 the flow was essentially incompressible 
except in the region approximately defined by the nozzle circle 
(dotted region in Fig. 1). At the circle the Mach number was 
approximately 0.3 to 0.5. The flow within vortex 2 was in the 
compressible regime with Mach numbers up to 0.5 at the vane 
tips. The delivery air temperature was 70 to 80 F in all tests and 
weight rates of flow were measured by an upstream orifice plate. 

Also shown in Figs. 1 and 2 are the regions where the total- 
pressure and the total-temperature measurements were made in 
each vortex. Static wall pressures were measured on each end 
wall of vortex 1 and on the closed end of vortex 2. Total pres- 
sures were measured at two radii in vortex 2 only, with 0.030-in. 
OD pitot tubes. The temperature probes were '/;-in. diameter 
sheathed thermocouples with bare junctions whose positions were 
known to within +'/ in. The temperature readings were not 
corrected for conduction or radiation losses. A single temperature 
probe was used in vortex 1 to survey the region within the dis- 
charge opening (Fig. 1). In vortex 2 the temperature probes were 
inserted through the closed end wall into the testing region shown 
in Fig. 2. At various radial positions, the probes were inserted 
one at a time to minimize the drag effect on the flow field. 


Results and Discussion 


The total-temperature, static, and total-pressure measurements 
obtained from the two vortex chambers are presented in Figs. 3 
through 7. The most significant finding, discussed later in more 
detail, was the sizable radial variation of the total temperature T 
within each vortex cylinder. Also discussed is a qualitative rela- 
tionship between the static and total-pressure data and the veloci- 
ties in vortex flow. 

The total-temperature data measured within the exhaust hole 
region of vortex 1 are presented in Fig. 3. These data are typical 
of similar measurements made at different flow rates W. The 
reference temperature 7’) is the total temperature of the inlet air 
measured in the inlet calming chamber. The parameter Z/L is 
the dimensionless axial position measured from the inside plane of 
the closed end where L is the distance between the inside planes 
of the cylinder ends. The region under investigation, shown by 
dotted lines in Fig. 1, was a cylinder the diameter of the dis- 
charge hole with ends bounded by the discharge tube (7/L = 
1.8) and the closed end wall (Z/L = 0). The solid curves of Fig. 
3 show that for small Z/L the total temperature is almost wholly 
dependent on the radius and very little on the axial position except 
for a small area around the center. The lowest total temperature 
T min always occurred at the center of the closed end wall and 
there 7 min is 32 F less than Ty). The maximum total temperature 
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was measured near the exhaust radius r,, and Tnx did not exceed 
7, by more than 4 F. Also, the static closed end wall pressure 
drops to a very low value compared to the atmospheric 
pressure existing just outside the exhaust hole (Fig. 6). 

The remaining portion of the region under study in vortex 1 is 
the cylinder formed by the exhaust tube. In the central core of 
this region, the total temperature shows a sizable dependence on 
the axial position as well as on the radius (dashed curves in Fig. 3). 
This result was probably due to the mixing which occurred be- 
tween the outgoing vortex air and the room air which was 
drawn into the vortex “eye’’ just outside the discharge. The total 
temperature in the annulus outside the core varied sharply with 
radius and moderately with the axial position. The most in- 
teresting observation to be made here is that the 71x of the air 
adjacent to the hole surface increased as it moved out from 
within the vortex. Whether this increase in Ts. can be wholly 
attributed to frictional dissipation is not known. 

The real significance of the results obtained from vortex | is 
best appreciated when viewed in terms of the Ranque-Hilsch 
tube. The present apparatus can be viewed as a modified uniflow 
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Ranque-Hilsch tube where the vortex chamber is the air inlet 
and the cylindrical discharge hole is a much shortened tube. As 
in the usual form of this device, there exists the outer region of 
high total temperature and a core of very low total temperature. 
Thus it appears from these results that the Ranque-Hilsch 
effect occurs in the flow entrance region adjacent to the closed 
end for which no measurements are available. This agrees with 
the observation made by Pengelley [8]. 

The radial total-temperature distributions measured inside 
vortex 2 are shown in Fig. 4 for a plane positioned Z/L = '/; from 
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the closed end surface. The total temperature 7), as measured 
at an outermost measuring station r;/ro = 0.792, was used as the 
reference. The weight rate of flow W, with the corresponding 
tangential velocity »; at r:/ro are the parameters in the figure. 

The curves exhibit some general trends and also an apparent 
exception to one of these trends. In general, the total tempera- 
ture 7’ of the air decreases gradually with decreasing radius before 
rising somewhat rapidly to a maximum just before reaching the 
discharge hole. The temperature then drops very sharply to a 
minimum at the center. All the curves show that 7’,,i. drops and 
T max rises as the tangential velocity v, of the fluid increases, except 
for the Tmax of the curve for the maximum tangential velocity 
(m = 510 ft/sec). However, it is possible that this Tax is 
actually higher than for the other curves, but that (a) the maxi- 
mum occurs in the narrow region between the measured tempera- 
tures at r/ro = 0.48 and 9.355, or (b) the drag effect of the 
thermocouple probe diminished the true temperature of the un- 
disturbed vortex enough to result in an apparent exception to the 
general trend indicated by the other curves. A third possible 
factor is a “screaming’’ noise that occurred near the maximum 
velocity with an accompanying 10 to 20 F total-temperature in- 
crease throughout the vortex. The total-temperature gradients 
increase as the vortex strength increases. The largest measured 
difference between Tmax and T' min is 102 F for the », = 510-ft-per- 
sec-curve. 

The axial variation of total temperature at various radii in 
vortex 2 is shown in Fig. 5. The results indicate that the axial 
dependence of total temperature is slight, and that the pre- 
dominant variation is in the radial direction, as was found in 
vortex 1 (Fig. 3). The reference temperature 7,,(0) is that at the 
wall at the radius r, and is for a tangential velocity », = 354 ft per 
sec. Again, the measured axial temperature variations are in- 
fluenced by the drag effect of the probe and the deviation of the 
indicated temperatures from those of the undisturbed vortex 
increases with depth of insertion. It is felt, however, that these 
data are substantially correct, and represent total-temperature 
variations in vortex flow. 

The conclusion to be drawn from the measurements obtained 
from vortex 2 is that the separation of an air stream into regions 
of higher and lower total temperature can be achieved inside a 
confined vortex without the usual Ranque-Hilsch tube arrange- 
ment. Thus the results of both vortexes suggest that energy 
separation results from, and occurs in, the initial region of vortex 
flow and is either (a) unaffected, or (b) diminished by any confined 
axial flow channels. 

The static end wall pressure measurements made in vortex 1 
and 2 are shown in Figs. 6 and 7. Total pressure P was measured 
in vortex 2 and is also shown in Fig. 7. In vortex 1 it was im- 
possible to measure the wall pressure near the vane tips because 
of the manner in which the apparatus was constructed. Hence 
the outermost pressure tap radiug r; and pressure p; were used as 
reference values. In both Figs. 6 and 7 the weight rate of flow W 
is the parameter. In both chambers the static gradient at a given 
radius increases with increasing tanger tia! velocity; the same is 
true for the total-pressure ratios P/P. in vortex 2. The difference 
between the total pressure and the static pressure is seen in Fig. 7 
to increase as the radius decreases, indicating that the tangential 
air velocity rises as it moves in toward the exhaust. Fig. 6 
shows that the static wall pressure distributions of the two end 
walls of vortex | are identical except for the region enclosed by the 
exhaust hole. Also, the static pressure at the center of the closed 
end drops very low and decreases with increasing swirl. These 
results are in agreement with similar data of others [1 and 2]. 

A simplified analysis was made to obtain a relationship be- 
tween the measured static-pressure distribution and the velocities 
inside the vortex. It was assumed that the centrifugal force was 
balanced only by the pressure force, that is, the flow was inviscid. 
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Also, the tangential velocities were assumed to be large com- 
pared to the radial velocities, and that the cylinder end walls 
exerted no drag on the vortex. Only the outer region of flow be- 
tween the exhaust nozzle and the inlet vanes was subject to de- 
tailed analysis. To match the measured pressure variation with 
an analytically determined curve, the air would have to increase 
its tangential and radial velocities as it moves inward from the 
vanes to the exhaust similarly to a free vortex as observed above. 
The agreement between the analytical pressure curve and the ex- 
perimental curve was very good for vortex 1 and reasonably good 
for vortex 2. A brief analysis of the region within the exhaust 
radius shows that the tangential velocity would have to increase 
with the radius somewhat as in wheel-type fluid motion to pro- 
duce a radial pressure variation qualitatively similar to the 
measured distribution. While the analyses just given permit a 
relation between some average effective tangential velocity and 
the pressure, they do not reveal the details of the true flow pat- 
tern. The presence of the end walls where the velocity and, conse- 
quently, the centrifugal forces are zero will have a marked effect 
on the shape of the velocity profiles. A more refined analysis or 
experiment would be rather complex and beyond the scope and 
purpose of this paper. 


Conclusion 


The data presented herein represent an incremental part of an 
over-all study of vortex-type flow. They are intended to provide 
some preliminary experimental results and some positive though 
restricted conclusions. Within a compressible vortex confined in 
a right circular cylinder both moderate increases and sizable de- 
creases in total temperature can be obtained. The maximum 
total temperature occurs in the vicinity of the exhaust hole radius 
and the minimum at the center line. These results show that the 
total-temperature separation can be produced within a vortex 
generator without the aid of axial tubes as used in the conven- 
tional uniflow or counterflow Ranque-Hilsch tube. 

The static wall pressure measurements indicate that the effec- 
tive tangential velocity increases as the air moves in from the 
cylinder circumference toward the exhaust hole and then sharply 
changes to a flow similar to wheel-type motion within the exhaust 
hole circle. No conclusions can be drawn about the mechanism 
causing the energy separation because the flow pattern is com- 
plex and many factors such as velocity profiles and vortex geome- 
try remain to be investigated in addition to the relatively simple 
measurements presented here. 
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DISCUSSION 
E. M. Knoernschild? 


This paper is a valuable contribution to the flow behavior in — 


vortex chambers. The authors present test results of the pres- 
sure and temperature distributions in a vortex chamber and 
analyze them in the light of the Ranque-Hilsch effect. 

The test data emphasize, again, the importance of the ratio 
mass flux to viscosity for any practical utilization as a cooling 
device. As already pointed out by Deissler and Perlmutter [10],* 
and before that by the interesting study of Einstein and Li [11], 
the performance of a vortex tube depends to a large extent on the 
possibility of the flow to discharge axially. In this case the radial 
mass flux can be made small compared to the axial flux and hence 
viscous forces in the flow have time to decelerate the peripheral 
flow pattern so that finally solid body rotation may evolve. If 
the flow cannot axially discharge and the ratio mass flow to vis- 
cosity becomes large, the action of viscosity on the flow is re- 
duced. This interaction between the inertia forces which are 
represented by the mass flow and the viscous forces leads to the 
Reynolds number concept as pointed out in Deissler and Perl- 
mutter [10]. 

It has to be kept in mind that the foregoing described flow pat- 
tern is an equilibrium pattern which develops with time from a 
free vortex pattern and it is exactly this change of the velocity 
pattern from one relating to the free vortex to the solid body type 
which gives rise to energy transfer which shows up in total tem- 
perature changes. This is clearly pointed out in the discusser’s 
paper [13]. Hence it is to be expected that a large change of tem- 
perature should show only in those regions in which an axial varia- 
tion of the mass flow can be established, that is in the exit duct 
region. For instance, Fig. 4 of the discussed paper shows prac- 
tically no temperature drop in the flow region where the mass 
flow cannot change, followed by a considerable temperature varia- 
tion in the exhaust region. This is also shown in Fig. 5 where 
practically no temperature variation occurs until the radius ratio 
approaches 0.23. At smaller values of this radius ratio, that is 
within the diameter of the exit nozzle, considerable changes of the 
temperature were measured. Considering the basic concept of 
the analysis of reference [14], which maintains that viscosity is 
the main influence on the energy transfer, it does not seem too 
practical to assume that the flow is inviscid, as the authors in 
their centrifugal force balance do. One should be aware of the 
fact that whenever a wheel-type rotation is noticed, this rotation 
comes about by the influence of viscous forces, otherwise the free 
vortex flow would be dominant. 

A valuable contribution to the energy transfer problem is the 
work by Schiebeler [12], which is not too well known in this 
country and which presents the axial and peripheral velocity dis- 
tribution and corresponding pressure distribution in a pipe for 
various inlet whirl angles. 

It is worth mentioning that a valuable contribution to the three- 
dimensional flow in a vortex, which sheds some light on the axial 
flow distribution, is given by Sullivan [14]. 

It is interesting to speculate whether an exergy transfer effect 
may also take place in a flow around a corner or around an air 
foil. Here the radial flux is zero and in spite of the shortness of 
the circular flow path the effect of viscosity should result in a 
transition from potential flow to solid body flow, at least in the 
layers close to the surface, which means a centrifugation of 
energy away from the air foil surface. This effect may actually be 
a contributing factor to the flow separation after curved walls. 


? The Garrett Corporation, Los Angeles, Calif. 
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of this discussion. 
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J. E. Lay* 


The authors have presented a simple but ingenious way of gen- 
erating a vortex flow within two cylinders by means of injection 
of air through guide vanes. It is certainly logical to view the ap- 
paratus as a modified uniflow Ranque-Hilsch tube, but the drastic 
shortening of the tube may not give results which are representa- 
tive of the Ranque-Hilsch effect. In view of the fact that various 
investigators have reported an optimum length of between 6 to 9 
diameters, it may be of interest to inquire if the authors plan to 
conduct tests involving a greater range of Z/L values other than 
those reported in the present paper. In fact, a very feasible but 
worth-while extension of the present set of measurements would 
be to simply extend the length of the discharge tube and see what 
happens. 

Of the several results presented, the stagnation temperature 
plot of Fig. 3 is the most interesting. It has the same general 
character as some earlier results discussed by the authors under 
references [4 and 5]. There is, however, one item that needs 
elaboration: The abscissa in Fig. 3 is the radius ratio. This being 
the case, it has been found [4 and 5] that accurate measurements 
corresponding to a radius ratio of zero are very difficult if not im- 
possible to obtain. It would be of interest to learn from the 
authors if the data corresponding to a radius ratio of zero are 
extrapolated data points or data actually obtained from experi- 
ment. Speaking of radius ratio, it is not entirely clear as to the 
difference between the ratios r/r,, r/ro, r/r:, and r;/ro used by the 
authors in their various plots. An explanation and perhaps an 
elaboration seems to be in order. As for the velocity distribution, 
the authors state that the effective tangential velocity increases 
as the air moves in from the cylinder circumference toward the 
exhaust hole and then sharply changes to a wheel type of motion. 
While this seems to be the case in some earlier works, thre is very 
little evidence in the present report to support this contention. 
The velocity distribution has not been plotted, so it is a bit in- 
triguing as to how this conclusion was arrived at. Certainly it 
would have to be based on more than just static wall pressure 
measurements, 

Another item needing clarification is the injection of air. In 
their figures, the authors show the air as already being present in 
the calming chamber. It is, however, not shown how this air 
was previously fed into the apparatus. Also, it would be de- 
sirable to give the absolute pressure in the calming section since 
this pressure would most probably correspond to the inlet pres- 
sure in a regular Ranque-Hilsch tube. Finally, it may be asked 
of the authors that if the present apparatus is to be considered as 
a uniflow Ranque-Hilsch tube, what smallest value can the ratio 
of cylinder length to cylinder diameter be in order to still main- 
tain this point of view? 

The measurements presented here are of great interest because 


4 Professor, Mechanical Engineering Department, Michigan State 
University, East Lansing, Mich. Assoc. Mem. ASME. 
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they show that a stagnation temperature separation seems to 
occur each time a vortex flow is generated even without the aid 
of axial tubes. Clarification of some of the above questions will 
do much to add to the usefulness of the paper. 


M. L. Rosenzweig® 


Since confined vortex flows are of considerable technological 
interest and since experimental results in this field are extremely 
meager, the present study should yield some interesting and use- 
ful data. Unfortunately, the results reported in the present paper 
are not only incomplete, as suggested by the authors, but also in- 
sufficient even to justify some of their own conclusions. For in- 
stance, Fig. 3 indicates an increase in total temperature, as meas- 
ured along the axis of the vortex, with increasing Z/L, while for 
vortex 2, Fig. 5 shows just the opposite trend, although the curves 
are not carried beyond Z/L = 0.5. Furthermore, if one considers 
the temperature profiles of Fig. 3, it appears that one is led to a 
conclusion in variance with that stated in the paper; namely, that 
the presence of an axial flow tube does aid in the energy separation 
if the cold gas is extracted at Z/L = 0 while the hot gas is re- 
moved in an annulus at the end of the axial flow tube. In order 
to do this, however, some obstruction must be placed in the flow 
at the outflow end of the tube, such as a conical valve as used in 
the Eckert and Hartnett experiments. Such modifications would 
invariably alter the flow pattern within the vortex and could 
conceivably lead one back to the authors’ original conclusion. 

Important questions, such as the axial variation of the flow 
variables and the effects of exit geometry and end wall boundary 
layers on the vortex proper, are still largely unanswered. It is 
hoped that the continuation of the authors’ experimental research 
program may help to shed some light on this very complex subject. 


Authors’ Closure 


We thank Doctors E. M. Knoernschild, J. E. Lay, and M. L. 
Rosenzweig for their stimulating discussions. Again it is stressed 
that these experiments were aside from the main objectives of 
our vortex studies. We were prompted to make these measure- 
ments because (1) the need existed; (2) the apparatus required 
very few modifications; and (3) the measurements could be made 
without seriously interrupting our main program. While it is 
true that the scope and precision of this work was limited, we 
believe that the data will contribute to furthering the under- 
standing of vortex motion. 

First, the intended general conclusions will be elaborated upon. 
As was stated, it was observed that a total temperature separa- 
tion similar to that which occurs in a Ranque-Hilsch tube can 
be produced within a vortex generator without the use of tubes 
to contain the region of axial flow. It is of course recognized 
that the air undergoes a transition from radial to axial flow within 
a vortex generator, as indeed it must do eventually. We are 
in accord with Dr. Knoernschild’s remarks concerning the cause 
of the total temperature separation. In the region where the 
flow direction changes from radial to axial, there is a transition 
of the tangential velocity from that of a free to a forced vortex. 
Tt is this change in the tangential velocity which contributes to 
the energy separation. Since this general flow pattern exists 
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within a vortex generator, the presence of a cylinder to extend 
the flow in the axial direction is not needed to achieve a separa- 
tion. 

Second, we want to comment further on the inviscid analy- 
sis. A number of investigators have used the inviscid model 
in an attempt to understand the nature of confined vortex flows 
using only static wall pressure measurements. We clearly stated 
that the simple inviscid analysis did not describe the actual flow 
situations inside the vortex chambers. Rather, the analysis 
was intended to illustrate in an approximate way what the data 
in Fig. 7 shows; namely, that the average tangential velocity of 
the air (neglecting wall boundary-layer effects and other variation 
in the profile between the end walls) increased as it moved radially 
inward. From physical argument the tangential velocity at the 
center line must be zero; hence, there must be a transition region 
between the center line and the exhaust hole radius near which 
the tangential velocity reaches a maximum. Within this transi- 
tion region there exists a core around the center line which pos- 
sesses a solid-body type of rotational motion. Hartnett and 
Eckert [4] observed this as did Lay [5]. The static wall pressure 
distributions near the axis (radius ratio range 0 to 0.2) shown 
in Figs. 6 and 7 can only be explained by the presence of a core 
region having a solid-body type of rotational motion. The exact 
details of the flow are undoubtedly complex and difficult to 
measure. 

We regret the possible confusion in the Nomenclature. Origi- 
nally this paper was submitted as a Brief Note, which accounts 
for the form. It certainly would have been clearer with a table 
of symbols. This following definitions will help the reader: 

r, = nozzle radius, r = radial co-ordinate, ro = vane circle 

radius. 

In reply to Professor Lay’s questions, we would like to point 
out that the center line total temperatures were measured as 
indicated in Figs. 1 and 2. Also, by using the method shown, 
the center line temperatures were the easiest to measure because 
of zero tangential velocity and the small axial velocity. How 
short a Ranque-Hilsch tube has to be before it ceases to be one is 
somewhat arbitrary. The inlet chamber of each vortex was 
supplied by pipe lines leading from the source. 

Dr. Rosenzweig raised a very pertinent question for which 
we, unfortunately, cannot give a satisfactory explanation, except 
to say that the exit geometries undoubtedly play an important 
role. The extent to which they induence the total temperature 
in the central core can only be determined by more experimenta- 
tion. Certainly the flow at the exit of vortex 1 is influenced 
differently because of the mixing with the room air than the 
flow at the exit of vortex 2, where the air is discharged into a 
cylinder leading to a vacuum exhaust system. The conduction 
and radiation losses from the probe tip at the low center line 
temperatures may have been different in each apparatus. Per- 
haps, some secondary flow condition such as boundary layer on 
the solid end wall may have influenced the conditions to produce 
the opposing axial variation of the total temperature along the 
center line. All these remarks are just another way of saying 
that a great deal of experimentation is needed to more fully 
explain turbulent vortex motion. 

As to further work, we might add that we hope to continue 
our present studies. Some of the results measured to date may 
become available in the literature in the not-too-distant future. 
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The Influence of Bypass Channels on the 
Laminar Flow Heat-Transfer and Fluid 
Friction Characteristics of Shell 

and Tube Heat Exchangers 


This paper discusses the effect of tube bundle to shell clearance, mean oil temperature, 
mean water temperature, and oil flaw rate on the shell-side heat-transfer film coefficients 
and pressure losses for laminar flow in unbaffled and cross-baffled heat exchangers. 
The results for cross-baffled heat exchangers can be correlated by considering the flow to 


Introduction 


HE MATERIAL presented in this paper represents a 
continuation of the work discussed by the author’ in a previous 
paper. The earlier research was limited, to some extent, by ex- 
perimental techniques which have since been improved. The 
new data extend further into the laminar region and also in- 
clude information on the experimental units for isothermal and 
heating runs in addition to the usual cooling runs. 

It was felt that the data could best be correlated when the flow 
was considered a combination of flow across the tubes and parallel 
to the tubes. In order to investigate this conclusion, runs were 
made with an unbaffled heat exchanger in addition to the usual 
cross-baffled units. There has been considerable information pub- 
lished by a group at the University of Delaware? on the charac- 


1F. L. Test, “A Study of Heat Transfer and Pressure Drop Under 
Conditions of Laminar Flow in the Shell Side of Cross-Baffled Heat 
Exchangers,"’ Trans. ASME, vol. 80, 1958, pp. 593-600. 

Contributed by the Heat Transfer Division and presented at the 
Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of THe 
AMERICAN Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 3, 
1959. Paper No. 60—SA-7. 


be a combination of flows parallel to the tubes and across the tubes. 


teristics of the crossflow path. The general method of correla- 
tion by means of effective area and effective Reynolds number 
was presented by Tinker* in a series of papers in 1951. The 
effective area approach was used in correlating the data in this 
paper but the method of determining the effective area was not 
the same as that discussed by other authors or used previously 
by this author. The technique of calculating effective area pre- 
sented in this paper is felt to correlate the laminar flow data 
better than the calculation techniques previously used. 


20. P. Bergelin, A. P. Colburn, and H. L. Hull, “Heat Transfer 
and Pressure Drop During Viscous Flow Across Unbaffled Banks," 
University of Delaware, Engineering Experiment Station, Bulletin 
No. 2, 1950. 

O. P. Bergelin, G. A. Brown, and 8. C. Doberstein, ‘‘Heat Transfer 
and Fluid Friction During Flow Across Banks of Tubes—IV,” 
Trans. ASME, vol. 74, 1952, pp. 953-960. 

O. P. Bergelin, G. A. Brown, and A. P. Colburn, ‘Heat Transfer 
and Fluid Friction During Flow Across Banks of Tubes—V,” Trans. 
ASME, vol. 76, 1954, pp. 841-850. 

O. P. Bergelin, K. J. Bell, and M. D. Leighton, ‘‘Heat Transfer and 
Fluid Friction During Flow Across Banks of Tubes—VII, Fluid By- 
Passing Between Tube Bundle and Shell,’’ AIChE Paper presented at 
2nd National Heat Transfer Conference, August, 1958. 

* Townsend Tinker, “‘Shell Side Characteristics of Sheii and Tube 
Heat Exchangers,’’ Proceedings of the General Discussion on Heat 
Transfer, The Institution of Mechanical Engineers, London, England, 
1951, pp. 89-116. 


Nomenclature 


tube bundle 


effective crossflow ve- 


within limits of tube bundle, 
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crossflow area D, = D, — (number of tubes in aver- 


age row)D, 


locity, Wo/Aecrt 


S x D, Di, = volumetric hydraulic diameter h. portion of oil film coefficient due 
Aen = effective tube-bundle crossflow for flow parallel to tubes to heat transferred during 
. area D, = inside shell diameter crossflow component of flow 
Aettr effective tube-bundle area for D, = outside diameter of tubes ho Sinn cocflichent andi 
flow parallel to tubes D,, = volumetric hydraulic diameter 
: J corrected crossflow heat-trans- 
App bypass area between tube-bun- for crossflow between baffle 
fer factor 
dle and shell for flow parallel windows as 
to tubes J over-all heat-transfer factor for 
Ax, = free area within tube-bundle for dikes cross-baffled units 
flow parallel to tubes D ne J, = heat-transfer factor for un- 
Crs specific heat of oil at mean oil 1 = tube yundle diameter between baffled units based on oil 
temperature ' baffle windows properties at tube surface 
C,, = specific heat of oil at tube sur- Mes crossflow friction factor a temperature 
face temperature g. = conversion factor in Newton's ko thermal conductivity of oil at 
i j Ib ft j 
D, mean diameter of entire tube- law of motion, 32.2 uw mean oil temperature 
bundle Ibr sec? (Continued on next page) 
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The use of Reynolds number, at present, is not too useful a 
criterion to designate the region of laminar flow in the shell side 
of a heat exchanger due to different ways in which Reynolds 
numbers might be calculated. The data presented in this paper 
were considered to be in the laminar region because the pressure 
loss was a linear function of the weight rate of flow. 


Equipment and Procedure 


The experimental apparatus is shown in Figs. 1 and 2. The 
baffled heat exchangers were of shell and tube construction 
using half-moon baffles. The baffle cut was 33 per cent of the shell 
cross section, and the baffle spacings were 2, 4, and 6 in. with en- 
trance and exit regions of 4, 4, and 6 in., respectively. The cross 
section of the baffled units is shown in Fig. 1. The cross section 
of the unbaffled unit was the same except that the shell ID was 
5.01 in. rather than the 4’/, in. used for the baffled units. The 
tube OD was */, in. and all exchangers had a length of 24 in. 

The oil flow was governed by a bypass arrangement and the 
flow was measured with a rotameter. The oil temperature was 
measured by thermocouples mounted in the tanks shown at the 
top of Fig. 2. Mixing baffles were installed in each tank and the 


pipe leading to each tank had additional mixing baffles installed. 
An electric mixer was also installed in the outlet tank as this was 
the one with the severest stratification problem. The heat- 
transfer calculations were corrected for the energy transfers due 
to the mixing baffles and the electric mixer. 

The oil temperature entering the test unit was usually regu- 
lated by governing the flow of steam to an oil heater. Water, to 
cool the oil, could be supplied to the oil heater if the test unit was 
to operate as a heater. The cooling-water temperature was regu- 
lated by controlling the steam supply to a shell and tube water 
heater. It was possible to vary the cooling-water temperature 
from 50 to 165 F and the entering oil temperature from 100 to 
190 F. The range of oil flows was 7 to 200 lb/min. Variations of 
water flow did not appear to affect the heat-transfer rate or pres- 
sure loss; therefore, in all runs the water rate was held at about 
300 lb per min. 

All runs were performed with the SAE 60 oil using the four-inch 
and unbaffled units. Some of the data for the four-inch and all of 
the data for the two-inch and six-inch units was taken from t+ 
previous paper by the author.'. At a temperature of 100 F the 
viscosity is 1720 SSU and at 210 F it is 125 SSU for the SAE 60 
oil. 


Fig. 1 Exchanger cross section 


——Nomenclature 


thermal conductivity of oil at 
tube surface temperature 

tube length 

term proportional to total length 
of shell side flow path and re- 
lated to outside surface area of 
tubes 

the crossflow component of as- 
sumed flow path length 

length of bypass channel for 
crossflow between baffle win- 
dows 

number of tube rows traversed 
between centers of gravity of 
adjacent baffle windows times 
number of crossflow passes, 
64, 40, and 28 for 2, 4, and 6- 
in. units, respectively 

number of tubes in heat ex- 
changer 
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pressure loss in crossflow by- 
pass channel 

pressure loss in bypass channel 
for flow parallel to tubes 

pressure loss for crossflow 
within the tube bundle 

pressure loss for flow parallel to 
the tube within the tube- 
bundle 

experimentally determined pres- 
sure drop across entire ex- 
changer 

calculated pressure drop across 
entire exchanger 

Reynolds number for crossflow 
in tube bundle based on effec- 
tive crossflow area 

Reynolds number for flow paral- 
lel to tubes based on effective 
area parallel to tubes 


- baffle spacing 


mean oil temperature 

mean water temperature 

weight rate of oil flow in bypass 
channel parallel to tubes 

weight rate of oil flow in cross- 
flow path within tube-bundle 

total weight rate of oil flow 


= weight rate of oil flow in cross- 


flow bypass channel 

weight rate of oil flow within 
tube-bundle parallel to the 
tubes 


= viscosity ratio, 
= specific weight of oil at mean oil 


temperature 

viscosity of oil at mean oil tem- 
perature 

viscosity of oil at tube surface 
temperature 


Transactions of the ASME 


OK) X X 
ey 
4 
24 | 
—— 
: (BAFFLE) 
k, = = 
Tou = _ 
: 
Ll’ = = 
AP, = 
AP, = is 
7 L, = W, = 
L, = 4P; = 
W,= 
N, = 4P,’ = 
Rou = Yo 
Rou, = 
N, = 4, = 


Tow *125°F, 70°F 
Tom*I45°F, 70°F 
Tow *145°F, T 10p°F 
Tom*t25°F, 


Fig. 2 Schematic arrangement of equipment 


Discussion of Results 


Fig. 3 represents variable oil flow rate runs for the four-inch 
unit under different mean oil and water temperatures. The plot 
is on logarithmic co-ordinates so all lines are of the form hyp = 
const (W,)**». The exponent would be about 0.75 for all runs 
except the one with Toy = 125 F and Tyy = 140 F. This is 
the only run in which the oil is heated rather than cooled. A 
large portion of the deviation in slope might possibly be at- 
tributed to the difficulty of obtaining satisfactory data with a 
viscous oil when the arithmetic mean temperature difference is 
only 15 F. 

The two lower lines of Fig. 3, at Twa = 70 F, show that a de- 
crease in oil temperature improves the oil film coefficient slightly. 
The principal variable with mean oil temperature is the oil vis- 
cosity. McAdams‘ and Jakob give film coefficient relations for 
laminar flow in tubes or over flat plates which are independent 
of oil viscosity. However, the oil viscosity is a factor in heat 
exchangers due to the choice of alternate flow paths. At low tube 
wall temperatures the flow through the tube bundle will almost 
stagnate and most of the oil will flow in the bypass passage be- 
tween the tube bundle and wall. As the mean oil temperature 
drops, increasing the oil viscosity, the resistance of the bypass 
passage increases: thus decreasing the flow in the bypass and in- 
creasing the flow in the main bundle. This will cause a greater 
per cent of the total oil flow to contact the heat-transfer surface 
and thus cause an increase in the oil film coefficient. 

An increase in water temperature increases the oil film co- 
efficient a very significant amount. This results from a decrease 
in viscosity at the tube surface and thus less resistance to flow 
through the tube bundle. Both the effects of varying Ty and 
T om Will be discussed further during the discussion of Figs. 7, 8, 
9, and 10. 


H. McAdams, “Heat Transmission,’’” McGraw-Hill Book 
Company, Inc., New York, N. Y., third edition, 1954, pp. 229-232. 

5M. Jakob, “‘Heat Transfer,’ vol. I, John Wiley & Sons, Inc., New 
York, N. Y., 1949, pp. 451-473. 
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Fig. 3 Oil. film coefficient versus weight of oil flow for 4-in. unit 
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Fig. 4 Total pressure drop across exchanger versus weight of oil flow for 
4-in. unit 


Fig. 4 plots pressure loss results for the same data used in Fig. 3. 
In all runs, the pressure loss is a linear function of Wo, thus indi- 
cating laminar flow. The pressure loss decreases with an increase 
in Twa or Tox due to the effect of oil viscosity on flow path re- 
sistance. 

Figs. 5 and 6 indicate the effect of oil flow rate on he and AP, 
for various baffle arrangements. The significantly lower values 
for the unbaffled unit are due to the larger bypass area between 
the bundle and shell, rather than to the lack of baffles. The data 
for the 2, 4, and 6-in. units were taken from the earlier paper by 
the author.'! It might be noted that at most weight flows, the 
film cagfficient of the 4-in. unit can be improved by either adding 
or removing baffles. The pressure drop plot shows that there is 
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Fig. 6 Total pressure drop across exchanger versus weight of oil flow 
when Tow = 145 F and Tww = 70F 


very little difference in flow resistance between the 4 and 6-in. 
units, but the 2-in. unit has a large increase in pressure loss. 

Fig. 7 shows the variation of oil film coefficient with mean oil 
temperature at various water temperatures and baffle arrange- 
ments. The runs at Twy = 140 F have oil heating at low Toy 
and oil cooling at high Toy. At high oil temperatures, the varia- 
tion of Toy, and thus oil viscosity, has very little effect on the 
value of ho. At low oil temperatures, the oil film coefficient in- 
creases with decreasing oil temperature. The reason for this be- 
havior was given in the discussion of Fig. 3. The trend, at low 
oil temperature, appears more pronounced in the 4-in. unit than 
in the unbaffled unit. This can be attributed as much to the dif- 
ferent bypass areas as it can to the baffle arrangement. The 4-inch 
unit at Ty = 140 F shows an increase in hy with T>,¢at high 
oil temperatures. This can be attributed to a tendency for the 
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a Oil film coefficient versus mean oil temperature when W) = 72.5 
Ib/min 


flow to become turbulent at high values of oil and tube surface 
temperatures. 

Fig. 8 gives the pressure loss results for the same data used in 
Fig. 7. It might be mentioned again, that the low values of AP, 
for the unit without baffles is due to the larger bypass channel 
in the unbaffled unit, rather than to the lack of baffles. This 
will be explained more fully when the pressure loss correlations 
are discussed. Under all conditions shown in this plot, the pres- 
sure loss increases with a decrease in Toy due to the resulting 
viscosity increase. In the runs at Ty = 140 F, there is no change 
in the general trend of the curves as the runs pass from oil heating 
through isothermal to cooling. 

Fig. 9 shows the variation of oil film coefficient with the mean 
water temperature. The only characteristic on the oil side 
that can be affected by the mean water temperature is the oil 
viscosity at the tube surface. All runs pass from oil cooling 
through isothermal to oil heating. These results show the im- 
portance of oil viscosity at the tube surface in the determination 
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Fig.8 Totai pressure drop across exchanger versus mean oil 
temperature when W) = 72.5 Ib/min 
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Fig. 9 Oil film coefficient versus mean water temperature 
when Wy = 72.5 Ib/min 
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of ho. As the water temperature increases, the oil viscosity at the 
tube surface will decrease, thus lowering the resistance to flow 
through the tube bundle. This decreased resistance is shown in 
Fig. 10. The lower tube bundle resistance permits a larger per 
cent of the oil flow to pass through the tube bundle, increasing 
the value of the heat-transfer coefficient. The values of ho 
appear to level eff at high 7, but it is difficult to draw a rigid 
conclusion because the heat-transfer data are not too precise in 
this region. This region is near the isothermal condition and the 
heat-transfer rate is small thus magnifying the result of any error 
in temperature readings. 


Pressure-Drop Correlation 


Previous research by the author! indicated that the pressure 
drop across a cross-baffled heat exchanger could be considered as 
the sum of pressure drops for flow across the tubes and flow 
parallel to the tubes. In the present paper, a pressure loss equa- 
tion for flow parallel to the tubes was obtained by an analysis of 
the results for an unbaffled exchanger. 
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The pressure loss for flow parallel to the tubes was calculated 
by considering the total flow to be the sum of the flows in the by- 
pass passage and tube bundle passage and that the pressure loss 
in the two passages were equal. ; 


Wo = W,+ Wop (1) 
AP sp = AP, (2) 


These equations were first applied to the isothermal data as 
the viscosity variation would not be a factor. The equations for 
AP yp and AP, are obtained from McAdams.* The flow in the 
bypass channel was considered to be similar to the flow between 
two parallel plates. 


D,— D 
Lap ( 


®W. H. McAdams, “Heat Transmission,’’ McGraw-Hill Book 
Company, Inc., New York, N. Y., third edition, 1954, pp. 148-149. 


AP sp = 


(3) 
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(4) 


(5) 
A combination of Equations (1), (2), (3), and (4) yields: 
32u 1 
AP, = . 6) 
1+ 8 Axsp — Ds\* 
3 Az, 2D,, 


Isothermal runs calculated on the basis of this equation did not 
differ by more than 8 per cent from the experimental values. 

The nonisothermal runs were correlated by considering the 
viscosity in the tube bundle to be evaluated at the tube surface 
temperature. Equation (3) remains the same but Equation (4) 
becomes: 


324,W 
rk 


(7) 


The equation for pressure loss in a nonisothermal unbaffled unit 
becomes: 
1 
3 Ax, 


AP, (8) 


For an unbaffied unit AP; = AP,’, the calculated total pres- 
sure drop across the exchanger, and the calculations by equation 
(8) are indicated as “‘+’’ in Fig. 11. 

The pressure loss for the cross-baffled unite was calculated by 
considering the total pressure loss to be the sum of the pressure 
losses for crossflow and parallel-flow. Tinker’ discusses many 
possible bypass channels for cross-baffled exchangers, but the 
channel between the tube bundle and shell is the one of major 
significance for exchangers of the dimensions used to obtain the 
data in this paper. 

The pressure drop for isothermal crossflow in the tube bundle 
is: 


AP, 
9<Yo 


(9) 


Previous work at the University of Delaware? and by the author’ 
indicate that the equation for f’ when laminar flow is present is: 


(10) 


Dy Ger 


Dy.We Dy.We 


R = 
Aube Ache 


(11) 


A combination of Equations (9), (10), and (11) gives: 
100N 
Dv 


If the flow in the crossflow bypass passage is analogous to the 
flow between two plates the pressure loss is: 


AP. (12) 


(13) 
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Fig. 11 Calculated total pressure drop versus experimental total pressure 


drop across exchanger 


Since: 
W,=W,+ We (14) 
A combination of Equations (12), (13), and (14) results in: 
100N 1 
2 


Dy,: De: Lp 


The sum of Equations (6) and (15) are used to calculate the 
pressure loss for isothermal cross-baffled units and the calculated 
values are within 8 per cent of the experimental values. 

For nonisothermal runs the best correlation is obtained when 
Equation (12) is changed to: 


100N 
Dy 


AP, (16) 


This results in Equation (15) taking the form 


12 2 


The total pressure drop for a cross-baffied exchanger is the sum 
of Equations (8) and (17). The calculated and experimental 
values are compared in Fig. 11. If the calculations and data were 
exact, all of the points would fall on a line drawn at a forty-five 
degree angle. The points for the 6-in. unit depart from the line 
by 20 per cent of the correct value. The reason for this can be 
traced to Fig. 6, which indicates little difference between the ex- 
perimental values for the 4 and 6-in. units. The calculated val- 
ues show some difference due to the N, term. In general, none 
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Fig. 12 Heat-transfer factor versus effective Reynolds number at tube surface for exchanger without baffles 


of the calculated values differ by more than 20 per cent from the 
experimental values. The 20 per cent variation is due more to 
the limitations of the mathematical correlations than to the ex- 
perimental data. 


Heat-Transfer Correlation 


A correlation of the data’ was first attempted for the un- 
baffled unit as it was felt that this might give a basis for correlat- 
ing the data of the baffled units. The data correlated quite 
satisfactorily when the heat-transfer factor (J,) was plotted as a 
function of effective Reynolds number (Ret). Both J, and Rees 
are evaluated for oil properties at the tube surface for flow parallel 
to the tubes. 


hoD x 100 \o-6 
k, Cpsts 
k, 


J, (18) 


R, » = 
Acttiby 


t 


The method of obtaining the flow rates was explained under the 
discussion of the pressure drop correlation. 

The evaluation of properties at the tube surface temperature 
follows the pattern of the pressure drop correlation for unbaffied 
units. It might be noted that the Z-term is in the numerator 
rather than in its usual position in the denominator. This results 
from evaluating the Prandtl number at the tube surface tem- 
perature rather than at the mean oil temperature. 

Values of J, are plotted as a function of Regs on logarithmic co- 
ordinates in Fig. 12. The data fall quite close to a straight line 
with a slope of 0.71. The resulting equation is: 


7 Detailed experimental data may be obtained from the author. 
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Combining the viscosities from the Prandtl number Ress. and 
the Z-term gives (1,)°-?*/(,o)-*, which shows the effect of viscosity 
on the oil film coefficient. This of course does not include the 
possible large significance of viscosity in determining the value of 
Act 

If the values of hy for unbaffled units had been calculated by 
Equation (21), but using the shell dimensions of the baffled units, 
a plot of these points in Fig. 5 would be a straight line lying within 
the grouping for the 2, 4, and 6-in. units. This supports the earlier 
statement that the drop in /» for the unbaffled units is due to a 


_ larger bypass passage rather than a lack of baffles. 


The heat-transfer data for the cross-baffled units were corre- 
lated on the basis of an effective Reynolds number for crossflow. 
For nonisothermal conditions, Equation (11) becomes: 


DycWo 
100 D, — 
D\1 
MoSD,| 1 + 2 ) 
DycDcL (ZY 


Rett = (22) 


The heat-transfer factor J’ for the cross-baffled units was then 
plotted as a function of Re in Fig. 13. 


The equation for J’ is: 
hoDy. 100 
ko | 
ko 


J’ 


_ It should be noted that for crossflow the oil properties are 
evaluated at the mean oil temperature rather than at the tube 
surface temperature as in Equation (18). The oil viscosity at the 
tube surface enters Equation (23) as a result of the Z-term but the 
effect is diminished due to the exponent in the Z-term. 

The plotted points of the 4-in. unit show a scatter of about 
+20 per cent in Fig. 13. Most of the points with the greatest 
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error are those for which there might be some inaccuracy in the 
data due to a small mean temperature difference or difficulty in 
maintaining constant mean water temperature at high values of 
Twa- The data for the 2 and 6-in. units give different lines from 
the 4-in. data. The lines all have a slope of about 0.70 showing 
that they are all the same function of Reynolds number except 
for a constant. 

The different plot for different baffle arrangements was once 
thought to be due to incorrect determination of flow rates in the 
bypass passages. The reasonably successful pressure drop correla- 
tion seems to discount this explanation. The difficulty perhaps 
s due to correlating an oil film coefficient that results from a sum 
of heat transfer for flow parallel to the tubes and flow across the 
tubes with a Reynolds number for flow across the tubes. 

The sketches shown in Fig. 14 are an assumption as to how 
the flow pattern might change as the number of baffles is changed. 
The assumption in the sketch is that the area of the flow path 
normal to the direction of flow remains essentially constant but 
that the length of the flow path changes. The change in length 
of flow path is due to the change in crossflow length rather than 
parallel-flow length. This length would be proportional to the 
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Fig. 13 Over-all heat-transfer factor versus effective Reynolds number 
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Fig. 14 Schematic representation of assumed change of flow Fig. 15 Corrected crossflow heat-transfer factor versus effective Reynolds 
pattern with change of baffle spacing number 


amount of heat transferred and thus the oil film coefficient for 
the crossflow portion. This would lead to an equation of the 
form: 


h, = ho (24) 


The value of L, is 12, 18, and 30 in. for the 6, 4, and 2-in. units, 
respectively. Since L’ is a constant related to the outside surface 
area of the tubes, it was assigned a value of 12 for convenience. 
This then permits the calculation of h, and the corrected cross- 
flow heat-transfer factor J 


where 

JaJ'— (25) 
giving: 
2-in. unit J = 2.5/’ 
4-in. unit J = 1.5J’ (26) 
6-in. unit J = 1.0J’ ; 
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The values of J for the variable flow rate runs at the different 
baffle spacings are plotted as a function of Re in Fig. 15. The 
results fall within +15 per cent of a straight line drawn through 
the points. The line has a slope of 0.72 on logarithmic co-ordi- 
nates. 

The resulting equation for the cross-baffled units is: 


ho = 1.0% L, Dy, (Cats) 


1 The flow passage between the tube bundle and shell is very 
important when considering heat exchanger operating charac- 
teristics. 

2 It is possible to increase the oil film coefficient by lowering 
the oil temperature or raising the cooling water temperature due 
to the effect on flow path resistanc *s 
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3 Variation of baffle spacing is not as important as variation 
of flow path clearances in the determination of shell side film co- 
efficients under conditions of laminar flow. 

4 Equations (8) and (17) can be used to calculate the pressure 
losses and Equations (21) and (27) give a fair correlation of the 
heat-transfer results. The extension of these relations to different 
tube geometries would depend upon obtaining satisfactory equa- 
tions for the pressure losses in the particular flow passages. 

5 Most of the experimental results presented in Figs. 3 
through 10 are within +5 per cent of the correct values as demon- 
strated by the lack of departure from the plotted lines and the re- 
producibility of the runs at particular points. In a few cases the 
error may be as high as 20 per cent for runs near the isothermal 
condition due to the effect of imposing a possible experimental 
error in temperature recording of 0.5 F on an oil temperature 
change of only 5 F. 
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An Analytical Study of Laminar Film 
Condensation: Part 1—lat Plates 


The boundary-layer equations of momentum and energy are written in a modified in- 
tegral form and solved for the case of laminar film condensation along a vertical flat 
plate. The analysis differs from previous works by employing the more realistic 
boundary condition of stationary vapor at large distances instead of sero velocity 
gradient at the interface. Solutions for both the liquid film and vapor boundary layer - 
are given for the case up, << wp. Velocity and temperature profiles are obtained 
using perturbation method and the modified integral boundary-layer equations. The 
results show a significant negative velocity gradient at the interface as a result of vapor 
drag except for small values of kAt/ur. Theoretical heat-transfer coefficients are com- 
puted and found to be lower than previous theories, especially for low Prandtl numbers. . 
Comparison with experimental heat-transfer data is given. The heat-transfer results 
are also presented in the form of an approximate formula for ease of application. 


MICHAEL MING CHEN 
Department of Mechanical Engineering, 
Massachusetts 


institute of Technology, 
Cambridge, Mass. 


Introduction 


ILMWISB condensation along flat plates and round 
tubes was first formulated by Nusselt [1].1_ By equating the 
forces of gravity and viscosity, and assuming linear temperature 
profiles he obtained expressions which showed good qualitative 
agreement with experimental observations for normal engineering 
fluids. However, observed heat-transfer rates often varied be- 
tween 80 to 170 per cent of Nusselt’s predicted values for normal 
fluids [2], and some liquid-metal data [3] were as low as 10-20 per 
cent of theoretical values. These facts pointed to the need of a 
more exact analytical description of the process, so that theoretical 
expressions could be used more safely in computations. Bromley 
[4] considered the effect of heat capacity and obtained correction 
factors in terms of cat/A. Rohsenow [5] solved the actual tem- 
perature profile and gave heat-transfer results applicable for large 
Prandtl numbers. Sparrow and Gregg [6, 7] used similarity trans- 
formations to solve the boundary-layer equations for the film; 
thus their analysis included the effect of momentum change 


' Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tue American 
Soctrery or Mecuanicat Enoineers and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 


1960. Manuscript received at ASME Headquarters, June 10, 1960. 
Paper No. 60—HT-37. 


———Nomenclature 


hitherto neglected. The effect was shown to reduce the conden- 
sation heat-transfer rate of liquid metals, although insufficient to 
account for the extremely low experimental results. However, 
they assumed zero velocity gradient at the interface, thus neglect- 
ing the drag due to initially stationary vapor, an effect of the 
same order of magnitude as the acceleration terms inside the con- 
densate film. 

This paper presents a solution of the condensation problem, 
including the effect of the drag due to an initially stationary body 
of vapor. The method of solution is as follows: The momentum 
and energy equations are written in the integral form using bound- 
ary-layer assumptions. These are supplemented by an internal 
momentum balance for the solution of velocity profiles and an 
internal energy balance for the solution of temperature profiles. 
Perturbation methods are employed to solve these equations. 
The computed velocity profiles show a negative gradient at the 
interface, as expected, and the heat-transfer results for low 
Prandtl numbers are significantly lower than previous theories 
neglecting the vapor drag. 


Boundary-Layer Equations 


The physical model used here is shown in Fig. 1, where a cold 


vertical plate at uniform wall temperature ¢, is placed inside a 
body of pure saturated vapor at a higher temperature t;. The 


C= f, u** dy* (dimensionless) 
c = specific heat of constant pressure 


bk st 


less ) 
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= 


Nu, = A,J/k (dimensionless) 
ff, «*t*dy* (dimensionless) Pr = cu/k (dimensionless) wall 
q = heat-transfer rate 


g = gravitational constant At = t; — t, (dimensionless) 
: dy* Iy+=0 h = heat-transfer coefficient u = velocity of liquid in z-direction 
@ K,, = see equations (19) and (20) 1 
= thermal conductivity ue = udy 
B= | (dimensionless ) l = total length of flat plate sng 
dy* Jy*=0 u, = velocity of vapor in z-direction 
1 


) (dimension- 


u/u, (dimensionless ) 
z = co-ordinates measuring distance 
from leading edge along cooled 


Ve 
Y = (Ge ) (dimension- 


t = temperature 
t* = (t — ty)/at = (t — — te) less ) 
(dimensionless (dimensionless ) 


(Continued on next page) 
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Fig. 1 Physical model used in condensation analysis 


condensate film formed on the surface is accelerated downward 
by gravity and retarded by the wall shear stress. The vapor is 
assumed to have no initial velocity in the z-direction. As it 
moves toward the wall, it is gradually accelerated by the falling 
condensate film through shear stresses. This acceleration con- 
stitutes an additional drag on the condensate film, as can be seen 
from the shape of the velocity profiles in Fig.1. All properties of 
both the liquid and the vapor will be considered constant. 

Boundary assumptions apply near the leading edge. The inte- 
gral momentum equation can be derived by considering the 
momentum balance for the control volume aa’c’c: 


> 

ay putdy pu ay 
ou 


=| = yig(p — p,) (1) 


where the first term represents the contribution of wall shear 
stress, the second term the net momentum increase in the film, 
the third term is the momentum of the entering vapor, and the 
fourth term is the interface shear stress. The force of gravity is 
shown at the right-hand side. 

Neglecting shear work, the energy equation is 


= — tu 
oy Jy=0 oy Jy dz 0 


The coupling of the two equations is provided by the energy bal- 
ance at the liquid-vapor interface: 


These equations govern the growth of the film layer, but yield 
no information on the velocity and temperature profiles. To ob- 
tain equations for the profiles, one can split the condensate film 
into two sublayers along y = y*y;,0 < y* < 1, and write the 
momentum and energy equations for either of the two sublayers. 
Those for the outer sublayer are found by considering the control 
volume bb’c’e: 


= pet ft 
Uy *y pu dy pu*dy 
Oy Jy ty mas 


ud ou 
dx 0 oy vi 


ot ot d 
k— = — d 
+ ] ct, pu y 


OYy ty oy 0 
‘ d vi a + d 
cl; de fu ay 


Note that equations (1) and (2) are special cases of equations (4) 
and (5), which must be satisfied by the velocity and temperature 
profiles for any positive value of y* less than unity. In addition, 
the following conditions must be satisfied by u, y;, and ¢: 


—k 


vi 
puctdy (5) 


u=0 
at z=0 (6) 
u=0 
at y=0 (7) 
t = t, = const 
t = t; = constaty = y; (8) 


The condition for the velocity profile at the interface must come 
from the solution of the vapor boundary layer. An order-of-mag- 
nitude estimation of the latter indicates that the shear stress at 
the interface is approximately equal to the momentum of the 
entering vapor; i.e., 


| @ | ] 
dy + — | (9) 
| Oy pu | dy Jy=0 


A proof of equation (9) and a solution of the vapor boundary 


layer are given in the Appendix. The ratio u,p,/up are of the order- 


of 10-* — 10-* for most practical problems (water: 10~‘; mer- 
cury: 10-5, at normal pressures); therefore the sum of the two 
interface terms are insignificant compared to the wall shear-stress 


term, and can be neglected from the momentum equations without 


Vi 
k of =X ¢ f pudy at y=y; (3) Tesulting in serious error. This simplification corresponds to the 
oy dz Jo case u.p,/up = 0, and will be adopted in this research. The re- 
y = co-ordinate measuring distance Subscripts m = pertaining to over-all mean value 
normal to plate 00 = pertaining to the case { = £ = 0; 


y; = liquid-film thickness 

y* = y/y,; (dimensionless) 

= viscosity 

p = density 

p, = density of vapor 

\ = latent heat of vaporization 


ll 


ie., neglecting heat capacity 
and acceleration effects 
pertaining to the case f = 0 ba 
= see equation (25) 
a = pertaining to the average value 
overO0 < y*+ <1 
i = pertaining to liquid side of liquid- 


for whole plate 0 < X <1 
v = pertaining to vapor 


pertaining to wall 


y*y; = pertaining to dividing line of two 
sublayers, Fig. 1 


¢ = ca'/\, heat-capacity parameter vapor interface Superscript 
(dimensionless ) ij = index denoting order of pertur- + = pertaining to dimensionless veloc- 
& = ka'/mA, acceleration effect pa- bation; see equations (18) ity and temperature profiles, 


rameter (dimensionless) 
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through (21) 


see u*, tt, yt 
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sults are expected to be applicable to actual fluids with an error 
of the order of u.»,/up, which is small indeed. 

It should be pointed out here that either of the two terms at the 
left-hand side of equation (9), taken individually, is of the order 
of the condensate acceleration terms and should not be neglected 
individually when the latter is considered. In fact, it can be 
shown that the error caused by neglecting either of the two 
is of the order of kat/uX which can be quite large for 
fluids of low Prandtl numbers. When both terms are neglected 
together, the individual effects still exist, although they are con- 
sidered to cancel each other. 


Equations in Dimensionless Form 


The solution of the integral boundary-layer equations usually 
involves assuming appropriate velocity and temperature profiles 
in dimensionless form. Since we intend to use the actually solved 
profiles, which are not yet known at the moment, we shall tenta- 
tively denote the dimensionless properties of the profiles by the 
letters A, B, C, D, as given in the Nomenclature, so that the equa- 
tions can be put in a more convenient form. For example, 


1 
D=1- f, utt*dy* 


therefore denoting a “temperature defect’’ of the condensate film. 

With these, as well as the dimensionless variables X, Y, G as 
given in the Nomenclature, and utilizing the simplification afforded 
by equation (9), one can combine equations (1), (2), and (3) into 
the following two equations: 

(A + &[2CYQ@’ — CGY’ + YGC’'))G = (10a) 
B = YG’ + ¢(DYG@’ + YGD’) (106) 

The symbol ’ is used to denote differentiation with respect to X, 
the dimensionless z-co-ordinate. Physically, G can be considered 
to represent the condensate flow rate and Y the condensate film 
thickness. Both are to be solved in terms of X. 

Note that the terms representing heat capacity and accelera- 
tion effects now contain either ¢ or & These are therefore 
readily identified as heat-capacity and acceleration parameters, 
respectively. 

One can combine equations (1) and (4) to eliminate the gravity 
term. The result in dimensionless form is 


ré ax u‘dy ax bas y 
y* 1 
+ (ue f way") vo'+(f 
0 y* 
1 
y* 


+ — ECGY’) (lla) 


Similarly, the interface conduction term is eliminated between 
equations (2) and (5): 


or 
—— = (B — fYGD’ — [DYG’) 


oy* 
1 
' 0 y* 


= tJeyr+ u*dy* + GY (11h) 
dX 0 dX y* 


Equations (11a) and (115) will be used to solved for u* and t*, 
the dimensionless velocity and temperature profiles. 
G, Y, u*, t*, must also satisfy the following conditions: 


G=0, Y =OatX =0 (12) 
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ut+=0, t+ =Oaty =0 
1 (13) 
f, widy* = 1; Lat ys = 1 | 


Solutions for = 0,¢ = 0 


¢ = 0, & = 0 represents the case considered by Nusselt [1] ig- 
noring both heat-capacity and acceleration effects. If subscript 
00 is used to denote £ = — = 0, then equations (10) and (11) re- 
duce to 


AwGoo = Yoo? (14a) 
Boo = YooG'w (14b) 
* ) 
= (1—y*)A 
( y*)Aoo 
(15) 
00 
—— 
oy* 


Equations (12) and (13) are applicable as boundary conditions. 
From equation (15) we obtain 


1 
= 3 = Aw = 3 
2 (16) 
= yo*; Bo = 1 
The profiles are exactly those used by Nusselt. Since they are 
independent of X, equations (14a) and (14b) can be combined 


to give a first-order equation with one single unknown. With 
Gow(0) = 0, the solution is 


y 
Gu 4 ‘x’ 

| (17) 
Yoo = 


Perturbation Procedure 


For ¢ # 0, — # 0, a perturbation procedure is used to solve 
equations (10) and (11). All unknown quantities are expressed 
in double power series in terms of ¢ and &: 


G(X) = Go(X) + + £Gn(X) + 
+ £G0(X) + 


Y(X) = Yo(X) +.. 
u*(X, y*) = uot(X, y*) +... (18) 
A(X) = Aw(X) +... 


Upon substitution into equations (10) and (11), all terms with 
equal powers of ¢ and £ are combined to form a set of new equa- 
tions. In particular, those not containing either ¢ or & (ie., 
those containing [°£°) combine to form equations (14) and (15), 
permitting solutions of Goo, Yoo, uoo*, and too*, given in equations 
(16) and (17). 

In general, equations obtained from the coefficients of higher 
powers of ¢ and & will all be in this form: 


+ K,,G;; = + K,; 


(19) 
By; = — + Ki 
Ou,;* 
= (1 — y*)Ay, + Ky 
y 
(20) 
ot, ;* 
= By + 
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Fig.3 Velocity profiles for ¢ < 0.2 


K;; ... K;,™ are functions containing only unknowns of order 
less than ij; i.e., containing only quantities with index mn, where 
m+n<ity. 

The boundary conditions, equations (12) and (13), give rise to 

= at X ) 
= y* 
. for i+j #0 (21) 
0 at yt =] 

Equations (19) and (20) are all linear and are easily soluble, 
provided the coefficients K;; ..... K,; are known. Indeed 
they are known functions if one proceeds from the lowest order 
upward, solving all equations with i + 7 = n before advancing 
toi+j=n+1. For example, .... contain only 
Goo, Yoo, Uoo* . . . ete., already given in equations (16) and (17). 
With these, wio*, Go*, Ai, and By can be easily solved from equa- 
tion (20). The two equations of (19) can then be combined to 
obtain Gj and Yy. A similar method can be used to solve for Gu, 
You, ua*, and t+. Armed with these, one can proceed to solve 
for all sets of equations with i + j = 2. 

The procedure converges rapidly for moderate values of £ and 
£. As an illustration of the method, some of the perturbation 
velocity profiles, u;;*, are shown in Fig. 2. Using equation (18), 
the actual velocity profiles are computed and shown in Fig. 3 as 
a function of — Since the deviation of the velocity profile from 
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Fig. 4 Temperature profiles for < 1.0 


a parabola is caused by acceleration terms in the equations of 
motion, it can be anticipated that all wo+ = 0 for any i > 0. 
Therefore the profiles are only slightly dependent on ¢. 

In a similar manner, the temperature profile is computed and 
plotted in Fig. 4 as a function of [. Since &;* = 0 for i > 0, the 
profiles are not greatly dependent on &. 


Similarity 

While the perturbation procedure outlined in the foregoing is 
only practical for moderate values of ¢ and &, it can be used as 
an induction procedure to establish some conclusions which are 


generally true, even for large values of f and & Among these, 
the most important ones are 


X% (22a) 
« Yoo « (22b) 


(22c) 


(22d) 


An outline of the induction proof for these results is included 
in the Appendix. 

Thus we have established that similar velocity and temperature 
profiles exist for the condensate film. Equations (10a) and (10b) 
can now be combined to give an ordinary differential equation: 


CBE 


which has a solution in close form for G(0) = 0 


scBE 
) (4+, 


Solutions for 


The perturbation procedure just outlined yielded accurate 
heat- transfer results for ¢ < 2, & < 5 with a series computed to 
order i + j = 2. For larger values of [ and & the procedure 
converges very slowly. With liquid metals, it is possible to reach 
a value of 10 for & when [<1. A solution with these conditions 
can best be obtained with the following numerical procedure: 

For (<1, it is possible to write 


ut(y*, £, &) = wot(y*, + fu *(y*, 


(25) 
= tot(y*, + fh t(y?*, §) 
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Comparison with equations (18) and the fact that uj* = &;* = 0 
for i > 0 immediately shows: 


um *(y*, 0 
to*(y*, &) = to*(y) = y* 


ue* for any given & can be solved from equation (lla) with an 
iteration procedure similar to the one used in reference [5]. A 
reasonable trial ue* is assumed and substituted in the integrals 
of equation (lla) from which du*/dy* is computed and then 
integrated to give a new function u*. The integration can best 
be done numerically, and with intelligent choices of trial functions 
yields accurate profiles quickly. The profile for — = 10 is shown 
in Fig 3 for comparison with lower values of £. 

Using ue*, t;* can be computed from equation (11b) directly 
without resorting to trial-and-error solutions. The general shape 
of t+, from equation (25), is basically similar to those for — = 0, 
which is shown in Fig. 4. 


Heat-Transter Results 


The heat-transfer rate into the wall is conveniently expressed 
in terms of h 


(26) 


From equation (106) and the definition of G and Y we have 


hl 


B 


Therefore the average Nusselt number between z = 0 and z = 1 
is given by the expression 


Nu; = ry = (1 + = (*/,B)*’* 


For ¢ = Oand £ = 0, equation (29) reduces to the simple result of 
Nusselt: 


= 1/3 4°/R, = 0.9430, (30) 


In order to evaluate the effects of acceleration and heat ca- 
pacity, it is convenient to examine the ratio of the actual Nusselt 
number versus the Nusselt number computed from the simple 
theory given by equation (30) 


A1l+Dt 


(31) 


where the values of A, B, C, D are to be computed from the actual 
velocity and temperature profiles which have been solved al- 
ready. Equation (31) is plotted in Figs. 5 and 6. Fig. 5 shows 
Nu;/Nuz.oo versus {, the heat-capacity parameter. In practice, 
large values of ¢ are only reached for fluids of large Prandtl num- 
bers, for which cases the effect of [ is seen to increase the heat- 
transfer rate to a value somewhat higher than that predicted by 
Nusselt’s theory. 

The effects of —, the momentum parameter, is best indicated 
in Fig. 6. It is seen that the inclusion of the momentum term 
greatly reduces the heat-transfer rate for liquid metals. A com- 
parison of these results with other investigations will be given in 
a later section. 

Another quantity which is of interest to designers of condensing 
equipment is the condensation rate: 
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udy = pugy; (32) 


A dimensionless condensation rate can then be defined and com- 
puted from the following equation: 


TA 

kat [ B A 

0.9430, To Bo(l + Df) 
Dt 


(33) 


This relationship is plotted in Fig. 7. It is seen that the con- 
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Fig. 7 Theoretical condensation rates 
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densation rate is actually reduced by heat-capacity effects, in 
contrast to the heat-transfer rate. 


Discussion of Results 


Common Liquids. The Prandtl numbers for steam and other 
common engineering fluids lie between 1 and 10, and ¢ generally is 
less than 1. For these conditions Figs. 5 and 6 predict higher heat- 
transfer rate than Nusselt’s theory, although the improvement is 
not as large as predicted by Sparrow and Gregg [6, 7], especially 
at the lower Prandtl numbers. For example, at Pr = 1, Fig. 6 pre- 
dicts an increase of only 1 per cent for ¢ = 1, while references [6 
and 7] predict an increase of 10 per cent. The difference is ob- 
viously due to vapor drag, which was neglected in references [6 
and 7]. For Pr > 10, the present theory is in good agreement 
with both references [6 and 7] and the theory of Rohsenow [5], 
indizating that zero shear stress can be neglected for large Prandtl 
numbers. 

A number of experimental investigations have been reported in 
the literature. Some of these were summarized by McAdams [2]. 
The observed heat-transfer rate varied from 70 to 107 per cent of 
Nusselt’s theory. The scatter of the data is in general too large 
for a successful correlation of the present theory, which shows an 
improvement of less than 15 per cent over Nusselt’s result. 

Part of the cause of the experimental scatter is probably due to 
the existence of vapor velocity, although many investigators have 
eliminated it by introducing the vapor from a perpendicular 
direction. Some investigators may also have used the condensate 
flow rate as a measure of heat transfer without a correction for the 
heat-capacity effect, which may cause an error as high as 20 per 
cent. 

Liquid Metals. The heat-transfer results for Pr < 0.03 are plotted 
in Fig. 8, together with the theory of Sparrow and Gregg [6, 7] who 
neglected vapor drag. It is seen that the present theory pre- 
dicts much lower heat-transfer results, indicating the importance 
of the vapor drag for low Prandtl numbers. Misra and Bonilla 
[3] reported experimental results for mercury and sodium with 
values of £ as large as 9. These data are shown in Fig. 8 to be 
even lower than the present theory. 

The low observed heat-transfer rate may have been caused by 
an upward vapor velocity, since in Misra’s experiments the vapor 
was introduced from below. It was reported that at certain con- 
ditions the vapor velocity was so large that the condensate film 
was blown off completely. There was also evidence of droplets 
traveling upward. It seems that the need still exists for more 
experimental results to test the soundness of the theoretical 
model, 
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Fig. 8 Comparison with data and other theories for liquid metals 
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Approximate Formulas 


The theoretical results presented in Figs. 5, 6, and 7 can be ap- 
proximated within 1 per cent by the following relations 


(; + 0.68f + 


hm.oo  \1 + 0.85E — 0.15¢¢ (4) 


h,, 1 
Two  hm.oo (1 + 0.375¢ + — 


(35) 


Where hm, oo and Too represent the values for = 0, = 0, re- 
spectively. Both can be computed from Nusselt’s simple theory 
or equations (30) and (33). The ranges of applicability for equa- 
tions (34) and (35) are £ < 2, — < 20, for liquids with Pr larger 
than 1 or less than 0.05. 


Conclusions 


The condition that the z-component of the velocity vanishes 
outside the boundary layer is met in carefully conducted experi- 
mental investigations, for which the vapor is often introduced 
horizontally to eliminate vertical motion. It is also satisfied 
approximately in condensing apparatuses when the vapor pressure 
is high. For these cases, the profiles obtained in this paper 
showed that it is not realistic to assume a vanishing velocity 
gradient at the interface when inertia effects are significant, as 
was done in previous works on the subject. Considering interface 
shear stress, the present analysis predicted reduced heat-transfer 
coefficients, particularly for fluids with low Prandtl numbers. 
The theoretical results, presented graphically and in the form of 
approximate formulas, should be convenient for use by engineers. 

While effects such as vapor velocity and the presence of non- 
condensable gases may play important roles in the condensation 
process, the simple model chosen here seemed to be the only 
physically realistic one which yields to a boundary-layer analysis 
with similar profiles. It is hoped that the solution presented 
here may provide a clearer understanding of the process so that 
some of the other effects can be better defined, both experi- 
mentally and analytically. 
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APPENDIX 1 
Velocity Profile for Vapor 


For the vapor boundary layer, y+ > 1. Referring to Fig. 1, 
the force balance for the element dd’e’e, is 


FEBRUARY 1961 / 53 


it 
= 
4 
~~, GREGG 
6 i | | PRESENT, | | 
3 = 
3 2 > 5 10 20 
kat 
F 
4 


d 
u dy + p, a u,dy 


d 
+ f p.u,tdy = 0 (36) 


In dimensionless variables, equation (36) becomes 


du, * y* 
+ 1+ Pe f u, *dy 
oY P Jy 


+ - avy f u,tdy+ = 0 (37) 
p 
The boundary condition is 
u,* = u,* (38) 


Since p, << p, no serious error will result if all terms containing 
p./p are neglected: 
Hy Ou,* 


> 7; = —EYG’ u,* (39) 


Equation (22c) shows that YG’ is a constant; therefore equation 
(39) has the following solution: 


u.* = u, tel we) (40) 


This is only an approximate solution. In order to solve the 
complete equation (37) without neglecting p,/p, a perturbation 
procedure similar to the one used in the main body of this paper 
can be employed with p,/p as the perturbation parameter. The 
result is expected to differ only slightly from equation (40), due 
to the low values of p,/p usually encountered. 

We will now use equation (40) to estimate the magnitude of the 
two interface terms. Consider the control volume ce’e’e for force 
balance: 


Ou d d 
+ up udy, = u,*dy (41) 
Oy dz dz 


In dimensionless parameters, this is 


out 
+ fut¥G = - GY" u,*%dy* (42) 
oy* p 


Using the result of equation (40), we have 


ou* 2G’Y — GY’ 
] + = —u;*? (43) 


Oy* 2G'Y up 
Therefore 
Ou d ou 
| ‘? dz f u dy | +u*YG 
Ou i 
Ov 
A wp up” up 


The ratio u.p,/4, only depends on the physical properties of 
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the fluids. y,/u is the order of 10! to 10~*, whereas p,/p is 
of the order of 10~? for large hydrocarbon molecules, and 10~* for 
water and liquid metals. Thus the effect of the two interface 
terms taken together can clearly be neglected from the momen- 
tum equation without causing significant error. 

It should be pointed out that if warranted, the effect of these 
terms can easily be considered by a perturbation procedure as 
used in this paper. The first perturbation would undoubtedly 
lead to a correction factor of the form {1 + K(u,p,/up)] — */s 
where K is a constant of the order of unity. 

It is not difficult to see from the dimensionless form of equation 


(44) that the ratio 
ou ] /* ] 
oy oy 


wa 


pA 


is of the order 


the momentum parameter. For Misra’s [3] experiments, this 
quantity reached a value of the order 10. 


APPENDIX 2 
Outline of Induction Proof of Equation (22) 


In order to prove that a statement is generally true by the in- 
duction method, one must show that (a) it is true for case No. 1; 
(b) if it is true for case No. n, it must also be true for case No. 
n+l. 

That equation (22) is true for ij = 00 is clear from equations 
(16) and (17). 

We will next assume that equation (22) is true for all i < m, 
j <n. Using these relationships, equations (19) and (2U) can be 
shown to be in the following form, for the order m, n + 1: 


K aint) 2 % ‘he ati) + K 
= Kw att) OX + (45a) 


+ K (45b) 


OU mintt) 
+ =(1 — + (45c) 
oy* 

= + (45d) 
where all X are independent of X. It is not difficult to see that 
the velocity and temperature profiles solved for equations (45c) 
and (45d) would be independent of X, satisfying equations (22b) 
and (22c). Using constant A and B and applying the boundary 
conditions of equation (21), one can easily prove that equations 
(22a) and (22b) are satisfied by the solutions of equations (45a) 
and (455). 

Thus we have shown that equations (22a) through (22d) are 
true for the order m,n +1. In similar manner, we can show that 
they are valid for the order m + 1,n. Therefore equations (22a) 
through (22c) are valid. 
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An Analytical Study of Laminar Film 
Condensation: Part 2—Single and 
Multiple Horizontal Tubes 


The boundary-layer equations for laminar film condensation are solved for (a) a single 
horizontal tube, and (b) a vertical bank of horizontal tubes. For the single-tube case, the 
inertia effects are included and the vapor is assumed to be stationary outside the vapor 
boundary layer. Velocity and temperature profiles are obtained for the case popr/up< 
1 and similarity is found to exist exactly near the top stagnation point, and approxi- 
mately for the most part of the tube. Heat-transfer results computed with these similar pro- 
files are presented and discussed. For the multiple-tube case, the analysis includes the 
effect of condensation between tubes, which is shown to be partly responsible for the high 
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observed heat-transfer rate for vertical tube banks. 


The inertia effects are neglected due 


to the insufficiency of boundary-layer theory in this case. Heat-transfer coefficients are 


presented and compared with experiments. 


The theoretical results for both cases are 


also presented in approximate formulas for ease of application. 


Introduction 


a THIS paper the treatment used in Part 1 [1]! for 
flat plates will be extended to the cases of single horizontal tubes 
and vertical banks of horizontal tubes. Both cases were first 
treated by Nusselt [2], who neglected heat-capacity and inertia 
effects. Sparrow and Gregg [3] presented a boundary-layer 
analysis for the single-tube case, using the similarity transforma- 
tion proposed by Hermann [4], and assuming vanishing velocity 
gradient at the liquid-vapor interface. That such a boundary 
condition was not realistic has already been discussed [1]. The 
analysis presented here will employ the condition that vapor 
velocity will be negligible outside the boundary layer, and the 
condition that u,p,< up. The reader is referred to [1] for de- 
tailed discussions of these assumptions. 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AmeriIcAaN 
Society or Mecnanicat ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, June 10, 1960. 
Paper No. 60—HT-38. 


— Nomenclature 


For the multiple-tube case, there has been no improvement over 
Nusselt’s theory, although experimental results [5, 6] have gen- 
erally shown much higher heat-transfer rates for the lower tubes 
than predicted by Nusselt. The phenomenon has been at- 
tributed to splashing and nonuniform spilling, both of which are 
difficult to predict. While these effects are undoubtedly im- 
portant, it is proposed that two other effects, the condensation 
and momentum gain between tubes, may also contribute to in- 
creased heat transfer. Both effects will be examined, but only the 
condensate between tubes can be treated in the framework of 
boundary-layer theory. 

Since much of the analysis is analogous to the flat-plate case 
considered in reference [1], some of the results which permit 
direct comparison will be stated without derivation. 


Boundary-Layer Equations 


The physical model used in the analysis is shown in Fig. 1. The 
tubes, at constant wall temperature are situated in a body of 
pure vapor at saturation temperature. The z-component of the 
vapor velocity will be assumed to vanish outside the boundary 
layer. Both the vapor boundary layer and the liquid film will be 


A (dimensionless ) 


heat-transfer area 
ol + 
oy* 


(dimensionless ) = mean 


1 
f, u**dy* (dimensionless) 


specific heat of constant pressure J ( 


Na 


1 
1- f, utt*dy* (dimension- — p,)d*h 


less) 


d diameter of horizontal cylinder Nu, 
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wn 

= gravitational constant 

= local heat-transfer coefficient 


heat-transfer coefficient 
for n-horizontal tubes in a 
vertical row 

thermal conductivity 

ge(p — p,)r®d 


h,,d/k (dimensionless ) 


h,,r/k (dimensionless ) 
cu/k (dimensionless) 
heat-transfer rate 
radius of cylinder 
temperature 
= (t — ty)at = (t — t,)/(t; — ty) 
(dimensionless ) 
= velocity of liquid in z-direction 


1 vi 
1 


= velocity of vapor in z-direction 
u/u, (dimensionless ) 
x/r (dimensionless ) 
(Continued on next page) 


) (dimension- 
less) 


Ve 
) (dimension- 


less ) 
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Fig. 1 Physical model used in horizontal tube analysis 
(a) Single horizontal tute or top tube in a vertical bank 
(b) Single or lower tubes in a vertical bank 


considered to be thin compared to the radius of the tube. All 
properties will be considered constant. 

Utilizing the simplification afforded by the stationary vapor and 
negligible u.p,/up assumptions, and following the formulation 
used in reference [1], the mass, momentum, and energy-conserva- 
tion laws are incorporated in the following boundary-layer equa- 
tions in the modified integral form: 


ou d ye 
—_ 2 = = / 
+2 f, pu* dy = yg(p — p,) sin (z/r) (1) 


dy 
d fv d fv 
= ff pu dy + fi puctdy 


(2) 


d fyviv* d fw 
d f 2d 


= (y; — y*y:)(o — p,)g sin (z/r) (3) 


‘ fr" d 
— 
y *ys oy Js dz JO 


ay += tdy (4) 
cts Jy puctdy 


The coupling between the momentum equations (1) and (3) 
and the energy equations (2) and .(4) is provided by the energy 
balance at the interface: 


——Nomenclature 


ot d vi 

pudy at y=y% (5) 
Introducing dimensionless quantities A, B, C, D, and X, Y, G 

(see Nomenclature) and using equation (5), equations (1) 

through (4) are put in the form used in Part 1: 


(A + &(2CY@’ — CGY’ + YGC"|)G = Y*sinX (6a) 
B = YG’ + ¢(DYG' + YGD’) (6b) 


ou* 


+ d 1 


d 
+, rn 
+ 0 ax 


1 1 


= (1 — y*)(A + EYGC’ + 2CY@’ — ECGY’) (7a) 


att 


1 


uv’ + + a +t+dy* b 
ax Jo u*dy + GY y (76) 


The physical meanings of the variables are as follows: X is the 
angle from the top stagnation point, and G and Y are the con- 
densate-film flow rate and thickness, respectively. G’ also repre- 
sents the heat-transfer coefficient. A, B, C, D are properties of 
the profiles u*(y*) and ¢*(y*), which are to be solved from equa- 
tions (7a) and (7b). 

The velocity and temperature profiles also should satisfy 
these conditions: 


ut = Q, tt=0 at (8a) 


1 
utdy* = 1, tt+=1 at yt=1 (8b) 


The boundary condition for equations (6a) and (6b) depend 
on whether the first or a lower tube in a row is considered. They 
will be stated in each specific case. Referring to the derivation of 
Part 1, reference [1], the equations governing heat-transfer rates 
will be 


= (1+ (9) 


For the single tube: 


z co-ordinates measuring the dis- 


tance from leading edge along p = density 


cooled wall p, = density of vapor 


y Pe (dimension- 
katrp 


normal to wall 
liquid film thickness also ij 
cat/X, heat capacity parameter see tj 

(dimensionless ) = see ij 
latent heat of vaporization 


viscosity of vapor 
kAt/uX, acceleration effect pa- 


56 / FesrUuARY 1961 


rameter (dimensionless ) 


less ) pertaining to the case [ = — = 0; 
co-ordinate measuring distance ie., neglecting heat-capacity 


= pertaining to the average value 

viscosity overO0 <y* <1 

} pertaining to liquid side of liquid- 
vapor interface 


index denoting order of perturba- 
tion; e.g., ut = uot + Su0* 
+ + + ...; see 
reference [1]! for detailed 
discussion 
= pertaining to over-all mean value 
pertaining to vapor 


and acceleration effects; see = pertaining to tube wall 


Superscripts 
(n) = pertaining to a vertical bank of n 
horizontal tubes 
+ = pertaining to dimensionless ve- 
locity and temperature profiles; 
seeut,t*,y* 
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Nu, = “= = (1 + DD, f, G'aX = (1 + 


(10) 


h,d 2/4 
Nu, = Mall + Df)G(r) 


For the top n-tubes in a row: 


A,r 


nT 


Nu, = (1 + 


nT 


(1 + 


Single Horizontal Tube 


For the single horizontal tube the flow rate vanishes at the top 
stagnation point: ° 


=0 (12) 


Solution = £ = 0. For ¢ = = 0, equations (6a), (6b), 
(7a), and (7b) reduce to 


AwGo = Yoo* sin xX (13a) 
Boo = (130) 
ou +o 


= (1 — y* l4a 
dy* ( y*)Ao ( ) 


Stoo * 
= 14b 
Bo (146) 
whose solutions are 
uot = 3(y* — Ao = 3 


lo* = yo*; Boo = 1 


Boo 


~ Coo! 


(16) 


Yoo 


Values of the integral have been computed and tabulated by 
M. Abramowitz [8], in particular 


sin '/*XdX = 2.587 
Therefore from equation (10) 
 Nugoo = 0.728%, (17) 


In order to show the variation of the heat-transfer rate, the 
functions Goo, Goo’, and Yoo are plotted in Fig. 2. It is seen that 
the film thickness reaches @ at X = 7, in agreement with physical 
reality. Therefore the lowest portion of the tube contributes 
very little to total heat transfer of the entire cylinder. 

Boundary-Layer Similarity for ~ 0, 0. Fort #0, the 
perturbation procedure as outlined in reference [1] can be used 
to solve for Gio, wot, tot; Gor, unt, tat... ete. Equation (7a) 
shows that the products YooGoo’ and GooYoo’ appear in the solution 
of uo’. Although YoGoo’ = Boo = 1, GooYoo’ is not a constant, as 
is shown in Fig. 2. Therefore the profile uo’(y*) is not inde- 
pendent of X. Further perturbations will show that w+, t:*, 
and all higher-order perturbations will be dependent on X. This 
indicates that true boundary-layer similarity cannot exist for the 
entire tube. However, Fig. 2 shows that the slope of GooY 0’ 
vanishes at X = 0, indicating that near X = 0, uo, * is not z-de- 
pendent. Indeed, with the use of the induction method, as was 
used in the Appendix of reference [1], it is possible to show that 
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all G,,Y;;', G;,'Y;;, have zero slopes at X = 0, and all u,,*, t;* 
are independent of X near X = 0. Thus u*, ¢* are also inde- 
pendent of X for X = 0, and similarity of profiles exists near the 
top stagnation point. This fact is analogous to the boundary 
layer around a cylinder in cross flow, where similarity also exists 
near the stagnation point. 

Hermann [4], studying the analogous problem of natural con- 
vection around horizontal cylinders, concluded that approximate 
boundary-layer similarity exists only near X = 7/2. His results 
and similarity transformations were later used by Sparrow and 
Gregg [3] in a study on condensation around tubes. A close 
examination of Hermann’s paper showed that he used an in- 
correct equation and a procedure incapable of reaching unique 
conclusions. Thus it appeared that his conclusion on where 
does similarity exist was incorrect. A discussion of Hermann’s 
similarity transformation is given in the Appendix. It should be 
pointed out that the accuracy of the solutions in both references 
was not significantly affected by this fact. 

In order to show the change of velocity profiles with position, 
those for § = 1, £ = 0 are computed and shown in Fig. 3. Nu- 
merical methods similar to those used in reference [1], for large & 
are used since the perturbation procedure converges very slowly 
at large values of X. It is seen from Fig. 3 that the profiles are 
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Fig. 2 Variation of dimensionless flow rate Gyo, film coefficient Goo’, and 
film thickness Yoo with angular position 
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Fig. 3 Velocity profiles for = 1 
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quite similar for X < 150°. 
tinguishable from each other. 

Simplifying Assumptions. [or the computation of heat-transfer 
rate, significant simplifications can be obtained if the velocity 
profile is assumed to remain the same as at the stagnation point, 
near which similarity has already been shown to exist. Fig. 3 in- 
dicates that the deviation from this assumption is small for the 
top portion of the tube and becomes large only when X = f. 
Since the heat-transfer rate is only affected by A‘/* and C'/*, 
and the contribution of the bottom portion is small, the assump- 
tion is not expected to introduce serious error in the calculation 
of average heat-transfer coefficient of the whole tube. It is 
further justified by the fact that at X ~ m, the boundary-layer 
equations are no longer valid, and the profiles computed may 
have little physical meaning. 

In effect, the use of the stagnation-point velocity profile is 
equivalent to eliminating GY’ from equation (7a), since GY’ = 0 
for X = 0. Due to the similarity of equations (6a) and (7a), one 
also expects no serious error if GY’ is eliminated from equation 
(6a). The presence of GY’ in equation (6a) not only complicates 
its solution, but also causes the calculated film thickness to be 
finite at X = 1, instead of the infinite film expected by physical 
reasoning. Therefore the complete equation (6a) may predict 
an unrealistically high heat-transfer rate, as a result of the in- 
adequacy of the boundary-layer theory at X ~ wr. A numerical 
solution of equation (6a) retaining GY’-term indicated that even 
at — = the result is only 4 per cent higher than the approximate 
solution equation (21) given later. For finite £, as in actual prob- 
lems, the difference is considerably less, and no difference should 
exist for — = 0. Since the actual heat-transfer rate may be ex- 
pected to lie between the two solutions, it is concluded that the 
elimination of GY’ is justifiable. 

To summarize, equations (6) and (7) will be replaced by the 
following equations: 


(A + 2ECYG)G = Y* sin X 


Those for X < 90° are hardly dis- 


(18a) 
B = (1 + DO) YG’ 


= (1 — + 2&CYG"’) 


= (B- DEYG")}1 - utdy* 


It should be pointed out that equivalent though not identical 
assumptions were also made by Hermann [4] and Sparrow and 
Gregg [3], although they were not explicitly stated. The form 
of similarity transformation used in both references automatically 
implied approximations equivalent to those stated here. The 
difference lies in the fact that in references [3 and 4] the profile at 
a /2 is used instead of the profile at X = 0. 

Solution and Heat-Transfer Results. Since equation (19) yields 
similar profiles, equations (18a) and (18b) can be combined to 
form a first-order differential equation in G: 


2CBE 
A in X 
( a+ pee" * 
With GO) = 0: 


G ( B 
1+ Dt 


(18) 


(19a) 
ot* 
oy* 


(20) 


1+ DE 


x 
[ f, sin'”* xax | (21) 
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Compared with equations (10), (16), (17), one obtains 


_Nu_ Nu, _ (2)" 
Nugoo 0.728%, Boo A 1+ 2CBE 
A(l + Df) 
(22) 
TA B Ae 
kat + 2CBE (23) 
i + De 


The velocity and temperature profiles are solved from equations 
(19a) and (19b). Perturbation procedure is used for moderate 
values of ¢ and &, and a numerical method is used for § > 1, ¢ > 
1. Both methods have been explained in Part 1 [1]. The com- 
puted velocity profiles are slightly different from the flat-plate 
case, as shown in Fig. 4. The temperature profiles are essentially 
the same as the flat-plate case, reference [1]. 

Heat-transfer results are shown in Fig. 5 together with the 
theoretical results of Sparrow and Gregg [3], and the results for 
flat plate obtained in reference [1]. It is seen that the inertia 
forces have a larger effect on the heat transfer of round tubes than 
flat plates. This fact is as expected, since with round tubes the 
inertia effects are stronger for the top half of the tube, which has 
a large contribution to the average heat-transfer coefficient. 
However, it is also possible that the approximations employed in 
obtaining equations (18a) and (186) may have exaggerated this 
effect. The fact that the heat-transfer results are substantially 
the same as the flat-plate case, despite the exaggeration, is as- 
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Fig. 4 Velocity profiles for top stagnation point, X = 0 
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Fig. 5 Heat-transfer results for single horizontal tubes 
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suring. It clearly shows that an exact solution of the bondary- 
layer equations is not necessary. 


Vertical Banks of Horizontal Tubes 


The first tube in a vertical bank of horizontal tubes can be con- 
sidered as a single tube, and the heat-transfer results already ob- 
tained can be used without modification. For the second and 
lower tubes, boundary condition at X = 0 should account for the 
condensate film falling from previous tubes. Neglecting the un- 
predictable effects of splashing and ripples, the boundary condi- 
tion is largely influenced by the following effects: 


1 The momentum gain between tubes. 
2 The condensation between tubes. 


The momentum gained as a result of the vertical drop between 
tubes contributes to make a thinner film at the lower tube. Since 
the momentum is in a direction perpendicular to the tube wall at 
the top of the tube, the effect cannot be treated by the bound- 
ary-layer theory. It is reasonable to expect that the effect on 
heat transfer is of the magnitude of &, the momentum parameter. 
Theretore the effect cannot be justifiably neglected if the other 
momentum effects are included. Accordingly, we shall restrict 
our interest to the case £ = 0. This is not a serious restriction, 
since for most fluids Pr > 3, and § < 0.1. The result wiil not 
apply to liquid metals, except at low temperature differences that 
< 0(.1). 

The average temperature of the condensate leaving the first 
tube is somewhat lower than the saturation temperature of the 

apor. During the fall to the next tube, more condensation will 
take place on the falling film. Due to the thinness of the falling 
condensate film, it is reasonable to assume that the “temperature 
defect,’’ equal to Dat, would be completely used up for the addi- 
tional condensation. Thus an approximate boundary condition 
for G would be 


= (1 + DEG™(r) (24) 
The superscript (n) indicates that it is for the nth tube. ‘This 
condition implies that the film is at ¢; at X = 0, but since ¥ = 
© at X = 0, one can expect the thermal boundary layer to be 
well developed before the film becomes thin enough to contribute 
significantly to over-all heat-transfer rate. Thus the departure 
from the similar temperature profile should not introduce serious 
errors. 

Solution and Heat-Transfer Results. Equation (20) can be used if £ 
is set equal to zero. With equation (24) the solution for the 
second tube is 


Goer = + DO)? + 


(25) 


The average heat-transfer rate for the two tubes gan be expressed 
in terms of the first tube: 


ha® DE + 11% 


h,© 2 (26) 


Solution for the third tube can be obtained in a similar manner. 
In general, the heat-transfer rate for the top n-tubes is 


1 
-— [> (1+ | 


1=0 


From { = 0, this reduces to the Nusselt’s theory: 


ast ff, 


— n~'/s 


hin.oo 


Equation (22) may also be used to obtain the following relation 
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“| ¥ (1+ |(2) (1 + 


i=0 
(28) 


Equation (28) represents the departure from Nusselt’s theory. 
It is plotted in Fig. 6. 


Discussion of Results 


For Single Tubes. If Nu,/0.728N, and Nu,/0.94891, are viewed 
as the correction factors to be applied to the simple theory, 
neglecting heat-capacity and acceleration effects, the results for 
round tubes are identical to those for a flat plate for — < 0.5. 
For £ > 0.5, the round-tube results are only slightly lower than 
flat-plate results, but the difference is insignificant in view of the 
scatter of experimental data [9, 10]. Therefore the discussion 
given in reference [1] is applicable here without modification. 

For Vertical Tube Banks. Data for vertical banks of horizontal 
tubes have been reported by Young and Wohlenberg [5], Katz 
[6], and Short and Brown [7]. The heat-transfer results for lower 
tubes have been found to be consistently higher than Nusselt’s 
theory which is identical to the present theory for £ = — = 0. 
The discrepancy has generally been considered to be caused by 
splashing and ripples, although no quantitative estimate of the 
effects has been made. The present theory predicts a higher heat- 
transfer rate as a result of condensation between tubes. The 
theory and data are compared in Fig. 7. It is seen that considera- 
ble scatter exists among the data, and the lower limit of the data 
follows the trend of the theoretical curve closely. This seems to 
be sufficient proof that the effect of condensation between tubes 
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Fig.6 Average heat-transfer coefficient for a vertical bank of a horizontal 
tubes 
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Compcrison of multiple-tube theory with experimental data 
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can be accounted for by the present approximate theory. Higher 
heat-transfer rates than theory for some of the data can be at- 
tributed to splashing, intermittent dripping, and local dripping, 
which were probably absent for the tests which agreed with 
theoretical predictions. Since these phenomena are neither con- 
sistent nor predictable, it is felt that their contributions should 


be neglected when designing new condensing equipment. Ac- 
cordingly, Fig. 6 is suggested to be used in preference to empirical 
relations which do not account for the variation of ¢. 


Approximate Formulas 


The theoretical results obtained in this paper can be approxi- 
mated to within 1 per cent by the following formula: 


The ranges of applicability of equation (29) are: Pr < 0.05 or 
Pr > 1; ¢ < 2; & < 20 for single tube, — < 0.1 for multiple 
tubes; and {(n — 1) < 2.0. For multiple-tube calculations, one 
may also expect reasonable results if £ is neglected from equation 
(29) for E < 0.3. 
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APPENDIX 
Discussion on Hermann’s Similarity Transformation 


For natural convection around a horizontal cylinder, the follow- 
ing dimensionless equations apply :* 


- + Tsinz 


(30a) 


* Notations of reference [4] are retained as much as possible for 
easy reference. To avoid confusion with other symbols, these are 
not listed in the Nomenclature. Symbols not immediately obvious 
are explained in the text. 
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ie 
dz de dy Pr dy! 


(306) 


where y is the stream function and 7 the temperature. Introduc- 
ing f, g, and q 


r(x, y) = tq) 


v) = p(g)f(z) (31) 
q = yg(z) 
Equations (30a) and (30b) then become 
p’*(f*gq’ + ff'9*) pp’ 'ff'g? = p’ "fg? + t sin 
32) 


+ f'pt’ = 0 


In order that equation (32) may be ordinary differential equations 
in terms of g, it is necessary that two functions be found so that 
the ratios a, b, c, d, in the following equations can be constants: 


a = f'/g (33a) 

b = (ff'g* + f'99’)/sin x (33b) 
e = ff'g*/sin (33e) 

d = fg*/sin z (33d) 


Three of these equations are independent, and can be satisfied 
only approximately at best. True similarity of the profiles exists 
only where the following relations are satisfied: 


da d Ic dd 
dz dz dz dz 
Since equations (33) cannot be satisfied exactly, a new set of 

equations formed by combinations of equations (33) may yield 
different solutions. Hermann [4] eliminated ff’? from equations 
(33) and obtained the following: 

a = f'/g 

b= Fog’ z (35) 
c = ff'g?/sin z 
d = fg*/sin z 


Matching the constants at z = 1/2, he solved these approximately 
and then concluded that since the equations are satisfied exactly 
near z = 2/2, similarity of profiles existed only near this point. 
It is not difficult to see that one can reach entirely different con- 
clusions by following the same argument, but using different 
variations of equations (33) and a different point to determine the 
constants. 

A direct substitution of Hermann’s functions showed that equa- 
tion (34) was not satisfied near z = 4/2: db,/dxr = —1.724, at 
xz = 4/2. Compared with the magnitude of >, which is equal to 
2, this represents a significant variation. Therefore the profiles 
are obviously not similar near z = m/2. 

On the other hand, if one puts f = kiGoo, g = kiGo’ = ke/ Yoo, 
where k;, ke are cons‘ants and GooYo are the functions given in 
equation (16), then equations (33) and (34) are satisfied exactly 
at z = 0, and approximately in the vicinity of z = 0. Therefore 
truly similar velocity and temperature profiles exist at x = 0 for 
natural-convection boundary layer, analogous to the condensa- 
tion problem. This conclusion also restores the unity between the 
natural-convection boundary layer and the crossflow boundary 
layer around a cylinder, which has long been shown to have a 
similar profile at the stagnation point. 
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Transient Natural Convection From 
Vertical Elements 


The transient natural-convection process is analyzed using an integral method of 
analysis. Differential equations are derived which relate average surface temperature 
and time for either heating or cooling for vertical elements having arbitrary thermal 
capacity. The equations are applicable to laminar flow for all fluids. The coefficients 
are Prandtl number dependent and are estimated for Prandtl numbers in the range 0.01 
to 1000. A solution of the equations ts presented for the extreme case of a vertical plate 
of negligible thermal capacity subjected to a step in flux at its surface. Fluids having 
Prandtl numbers of 0.01, 0.1, 0.72, 1.0, 5, 10, 100, and 1000 are considered. The re- 
sults, in terms of generalized variables, are practically independent of Prandtl number. 
Simple one-dimensional transient behavior is followed for approximately 20 per cent 


of the transient with a subsequent quick approach to the asymptotic value. The results 
show no substantial overshoot of the average surface temperature. It is doubted that 
significant temperature overshoot actually occurs for vertical surfaces even for a step in 


flux. 


Introduction 


HIS paper considers the transient natural-convec- 
tion process which occurs when a vertical element, immersed in 
an extensive fluid bath initially at rest, is subjected to an energy- 
dissipation (or absorption) process internal to the element ma- 
terial. Such processes occur in many types of equipment. It is 
one of the simplest types of transient natural-convection process 
and is one of the first to be studied. 

Certain of the basic features of the exchange process between 
the element and the fluid are clear. With energy dissipation 
in the element the distributed source in the solid material results in 
an increase in the temperature of the element. Heat flows 
by conduction to the element surface. At short times this simple 
conduction process extends out into the quiescent fluid as well 
and may be considered one-dimensional. The temperature field 
established in the fluid gives rise to buoyancy forces. The fluid 
accelerates. Eventually a balance is achieved between buoyancy, 
convection of momentum, and viscous forces. In addition, the 
conduction of heat to the surface comes into balance with the con- 
vection of heat away. The temperature of the solid-fluid inter- 
face increases with time to an asymptotic value and steady state 
has been established. 

Several investigators have considered this type of transient 
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natural convection. In 1951 Sugawara and Michiyoshi [1]! pre- 
sented a numerical solution of simplified equations of motion for 
a vertical plate whose surface is subjected to a step in tempera- 
ture. Dimensionless temperature and velocity distributions were 
given for two times for a fluid having a Prandtl number of 1.0. 

In 1956 Ostroumov [2] reported the results of an investigation 
of the hydrodynamic and temperature fields around a 0.004-in- 
diam horizontal wire subjected to a sudden direct current. 
Temperature overshoot was observed in water and in alcohol. 
Relatively few data or analysis of heat-transfer behavior are pre- 
sented and no attempt is made to present dimensionless correla- 
tions of heat-transfer data. 

Siegel [3] in 1958 presented an approximate analysis of tran- 
sient natural convection on a vertical plate for the cases of a step 
in temperature and a step in flux at the element-fluid interface. 
The von Karman-Pohlhausen type of integral equations were 
used. The velocity and temperature distributions employed 
were those suggested by Eckert [4]. Using these approximations, 
estimates were obtained for the time, after starting, that the one- 
dimensional conduction regime persisted, the time to steady state, 
and the surface coefficient for the one-dimensional regime. These 
results suggest the overshoot observed by Ostroumov with 
horizontal wires. Because of the complexity of the differential 
equations, no general solution was obtained by Siegel. 
These equations are of hyperbolic partial differential form with 
time and vertical location as independent variables. 

Goldstein [9] presents the results of an interferometric study 


! Numbers in brackets designate References at end of paper. 


a4, As 
c 


c” 


= constants 


fluid specific heat 

thermal capacity of element 
per unit surface area 

local gravitational accelera- 
tion 

local surface coefficient 

instantaneous energy genera- 
tion rate per unit element 
surface area 
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velocity component in verti- 
cal direction 

a velocity, proportional to 
that achieved in steady 
state 

instantaneous local velocity 
maximum 

vertical distance from lower 
edge of element for heat- 
ing and from upper edge 
of element for cooling 


distance out, normal to sur- 
face 

constants relating to gen- 
eralized velocity and tem- 
perature distributions 

ratio of thicknesses of ve- 
locity and temperature 
layers 

constant related to buoy- 
ancy, equation (22) 
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of the transient temperature distributions in air and in water sur- 
rounding a vertical flat plate subjected to a step in energy input. 
The plate thermal capacity was relatively high compared to air 
and relatively low compared to water. Although plate tempera- 
tures were not measured, they were inferred from the interfero- 
grams. There was apparently no surface temperature overshoot. 
However, there was a boundary-layer thickness overshoot of rela- 
tively short duration. 

This paper presents a method of analysis which leads to ordi- 
nary differential equations relating the instantaneous average 
heat-transfer characteristics to a generalized time. The analysis 
applies to both generation and absorption at time-dependent 
rates for elements having arbitrary internal thermal capacity. 
The method of analysis assumes that the velocity and tempera- 
ture distribution have “similarity’’ through time and therefore 
applies to processes in which the fluid flow remains of the laminar, 
boundary-layer type. 

The differential equations derived apply to all vertical ele- 
ments for which it is sufficiently accurate to consider the local 
temperature and velocity distributions to be a function only of 
vertical location and time. This is strictly true for vertical plates 
and cylinders. The coefficients in the differential equations de- 
pend only upon element geometry, element-storage characteris- 
tics, and fluid Prandtl number. A solution of these equations is 
presented for a step in flux for a vertical plate of zero thermal 
capacity for fluid Prandtl] numbers of 0.01, 0.1, 0.72, 1.0, 5, 10, 
100, and 1000. 


General Analysis 


A majority of the transient natural-convection processes which 
are encountered in practice are more closely approximated by 
assigning either an energy-generation rate in the solid element (or 
a heat flux at the element surface) than by assigning a surface- 
temperature condition. The later condition, e.g., a step in the 
surface temperature, can only be approximated roughly, even in 
experimental apparatus. Therefore the case considered here is 
the one in which an element, immersed in an infinite bath of 
fluid at rest, is suddenly subjected to an internal-energy dissipa- 
tion (or absorption) rate g” energy units per unit of time per 
unit of element surface. In general, this dissipation rate may be 
a function of time and is assumed to approach an asymptotic 


——Nomenclature 
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u % 
air (B) TEMPERATURE EXCESS (FOR HEATING) 
x 
Un 
(A) COORDINATE 
SYSTEM 


(C) VERTICAL COMPONENT OF VELOCITY 
Fig. 1 Co-ordinate system and distributions of temperature and velocity 


value g,,”. The thermal capacity of the element is taken as c’, 
energy units per unit temperature change per unit of element 
surface. The assumption is made that the thermal diffusivity of 
the element material is much greater than that of the fluid. In 
this circumstance the element material may be considered at a 
uniform temperature at any height at any instant of time. 

Fig. 1 shows an element of height L and radius R immersed in 
an infinite fluid bath initially at rest at temperature ¢,. At any 
time 7 after the beginning of the process and at any vertical loca- 
tion z, the temperature and z-direction velocity-component dis- 
tributions in the surrounding fluid are of the general form shown. 

Considering a time rt, when the internal-energy generation rate 
is q”, three balances are written; namely, an energy balance for 
the element, an energy balance for the fluid, and a force-momen- 
tum balance for the fluid. 


J = constant related to accelera- Q = constant related to element 


ne = y/de 
tion, equation (23) storage capacity, equation mn, = y/b, 
K constant related to convec- (21) 6 = local temperature excess 
tion of momentum, equa- R = radius of curvature of ele- (t —4,) 
tion (24) ment surface 6,, = instantaneous local tempera- 
L height of element S = shear stress, force per unit ture maximum (or mini- 
M derivative of generalized area mum) 
temperature distribution T = 7'/Ay.., generalized time uw = fluid absolute viscosity 
N derivative of generalized ve- U = u/u, p = density of fluid 
locity distribution V = Prandtl number function, re- T = time 
Nar conventional Grashof num- lating generalizing veloc- tT’ = ar/L* 
ber, based upon L and ity to Na-* v = fluid kinematic viscosity 
average temperature ex- X = 2/L @ = 0/0,, temperature excess 
cess at infinite time, ab- Y = Ao/Ae.. ratio 
solute value a = thermal diffusivity of fluid X = U,,/U, 
Nar* modified Grashof number, 8 = coefficient of thermal expan- v = 0,/6... 
based upon 1 and surface sion of fluid 
flux at infinite time, ab- 59 = local thickness dimension Subscripts 
solute value of thermal layer 
Nwu Nusselt number based upon 5, = local thickness dimension of © = at infinite time 
L and average surface co- velocity layer L = at extreme edge of element 
efficient Ap = 5e/L 0 = at solid-fluid interface 
Prandtl number A, = 6,/L = at timer 
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The energy balance for the element includes the generation 
rate, the rate of change of stored energy, and the rate of energy 
conduction at the solid-fluid interface 


L 20 
+k or (22) dz =0 
J, 
(1) 
L L (20 
| =) #=-0 
ef, or 


The energy balance for the fluid includes the heat-conduction 
rate at the solid-fluid interface, the rate of change of stored 
energy in the fluid immediately adjacent to the surface, and the 
rate of energy convection away due to flow (at the upper edge 
when gq” is positive) 


L 
ef 2rR dz 
0 dy | y=o 
d L 
f f + y)dy | dx 
dr 0 0 


f + y)dy = 0 
0 


y R 
(1 + x) dy = 0 
R 


The force-momentum balance for the fluid includes the buoyant 
force, the shear stress at the surface, the rate of change of momen- 
tum in the fluid immediately adjacent to the surface, and the 
rate of momentum convection away due to flow (also at the upper 
edge when gq” is positive). These forces are 


»-=f + dy | a 
L 
- f (: + dx 
0 0 Jo R 
F,= So2rR dz = an (2 dz 
0 oy 
L 
dt 0 0 go 
= InrR d 
F, = 26 [-? + +) y 


The complete force balance is therefore 


ou up y 
-f (3) 


The double sign before the first term of equation (3) allows for 
both heating and cooling. If q” is positive the plus sign applies, if 
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(2) 


negative the minus sign. For heating, z is measured from the 
lower edge and, for cooling, from the upper edge of the element. 
Equations (1), (2), and (3) are general and apply in any circum- 
stance. However, they are not useful in this form because the 
distributions of temperature, velocity, and properties are not 
known as functions of z, y, and Tr. 

The equations may be simplified and generalized. The tem- 
perature and velocity distributions may each be written in terms 
of effective local boundary-layer thicknesses 6g and 6,. These 
two functions, in general, may depend upon both time and 
vertical location. In this analysis, the fluid properties are con- 
sidered constant except for the density variation which pro- 
duces buoyancy forces. The variables z, 5g, and 6, are general- 
ized by dividing by L. 7 is reduced by multiplying by a/L’. 
The local instantaneous maximum velocity u,, is generalized by 
dividing it by u,, which is proportional to the maximum velocity 
achieved in steady state. The instantaneous local maximum tem- 
perature excess is generalized in a similar fashion. The various 
substitutions are summarized as follows: 


= & = = O(n) (4) 
u/uy, = U = U(y/b,) = U(n,) 
X =2/L, r’'-=ar/L?, Ag = 5e/L, A, = 
X = U,,/U, 


From similarity? conditions, the generalizing velocity 


taken as 

4, )*/s 

Ugh = V V(Ner*)*s, 
v vk 


where V = V(Np,). 
= 6, 
= 


where 


f, and = fi Ae, dX 


Since, for negligible conduction internal to the element in the 


z-direction, 
), ( 


Han (_ 
L one 


op 
- | O..(-—) «x 


1 
f Mo,» aX 
0 


If Mo, were independent of X, i.e., if Mo. = Mo.a = Mo, then: 
(9a) 
2See Appendix 2. 
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A 
where = (- ) 
au’ 
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The time variable is further modified and F is introduced as 
the ratio of the thicknesses of the velocity and temperature 
layers: 


T aT aT 
the 


Equations (1), (2), and (3) are then rewritten as integrals from X 
= 0 to X = 1 and over the effective thicknesses of the boundary 


layers as 
x- May aX = 0 


(10) 


v\, 
(1 + ane | ax 
1 
x 
FY 
y 
$f xFY (: + am] ax 
1 
f + x) dn, = 0 (12) 
0 


These three equations relate the velocity, temperature, and 
thermal-laver thickness variables (X, ¥, and Y) to the generalized 
time variable T. The principal obstacle to the use of the equa- 
tions in this form is that insufficient information is available for 
the general evaluation of the various integrals. These integrals 
are at least weak functions of time, and the velocity and tempera- 
ture distributions are unknown. Further, the averaging of un- 
known distributions and derivatives over the height of the ele- 
ment produces an additional, distinct difficulty. 

The difficulty regarding the velocity and temperature dis- 
tributions disappears if one may consider that the functions in 
equations (4) and (5) are, for any given fluid and geometry, inde- 
pendent of time. This amounts to the assumption that the 
temperature and velocity distributions each retain their form 
through space and time. This proposition is examined in 
Appendix 1. The result of this consideration is that, for any given 
fluid Prandtl number and geometry, i.e., R/L, each integral over 
the distribution is assumed independent of position and time 
for the laminar boundary-layer type of flow. The relation between 
the accuracy of this approximation and the way in which g’ 
changes with time is not known. There is some evidence, Gold- 
stein [9], that such a similarity does not persist for a relatively 
short intermediate period of the process which results for condi- 
tions which approximate a step in flux. However, the step in 
flux is an extreme and unrealistic case in any practical sense. It 
is virtually impossible to achieve even in experimental apparatus. 
For variations of g", which are continuous and monotomic, the 
approximation is evidently much better since in the limit, a 
quasistatic process, the approximation disappears. 

If the values of the integrals of the distributions are denoted by 
constants, as shown later, equations (10), (11), and (12) become 
(13), (14), and (15). Similarly, F, which is the ratio of the thick- 
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pend only upon the fluid Prandtl number and geometry: 
1 y 1 y 
6 (1+ 2) an B fie (1+) 
1 y 1 y 
0 R 0 R 


where Us = U(ne/F) 
Ms. = Mo. = Mor = Mo 


= No 
Me — ~ dX =0 
(13) 


d 
M dX —- A— 


No,-* N, 1 
0 F 0 } 


— 7 dX — A% 2)= 
x¥ dX — At, = 0 
(15) 


The integrals remaining in the equations average the de- 
pendent variables y, Y, and X (and combinations thereof) over 
the height of the element. Since at short times the process is 
one-dimensional, y, Y, and X are uniform over the whole element 
surface and all integrals may be replaced by average values. 
However, after flow becomes appreciable, distributions of y, Y 
and X arise. These distributions are unknown in the intermediate 
part of the transient phase of the process. However, they are 
known from similarity and boundary-layer theory for steady 
state. These two extremes, short time and steady state, are em- 
ployed to estimate the relation between the integrals which 
average combinations of y, Y, and X and the same combinations 
of the averages of ¥, Y, and X. 

The integrals (and other combinations) are: 


(1) 
0 


ty x 
(2) f (5) f aX 


WY dX =a 


(4) = 


1 
(6) f xY dX 
0 


(7) Yuxu? = 


The first integral is invariably the average of y. From equations 
(7), (8), and (9), the wand Y-distributions are seen to be identical 
in steady state as well as at short times. Therefore the average 
of the ratio is equal to the ratio of the averages. 

The values of a, a2, as, a4, and as are established in Appendix 2 
for flat plates from the analysis of Sparrow and Gregg [5]. These 
results are extended to apply to vertical cylinders on the basis of 
measurements and an integral-method analysis presented by 
Hama and Recesso (6) and Hama and Christiaens [7]. A 
set of average values of a, a2, as, as, and a; is suggested for the 


whole transient process. With these changes the equations be- 
come 
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nesses of the velocity and temperature layers, is assumed to de- 


ly d 1 y 
M,,dX — f vY if +) | ax 
f aT Jo R 
1 
- f (: + dy = 0 ~ 
0 
' 


~ aT (16) 


aA d 
Y aT (VY) — AY. 


=0 (17) 


(Nar*)/* 


Pr 


(PX?) = 0 (18) 


The velocity variable X is eliminated between (17) and (18). 
The remaining two equations involve only Y and 


aA ad 
aA d 


The coefficients are defined as follows: 


Q= (21) 
(23) 


Equations (19) and (20) may be solved to yield the steady-state 
heat-transfer behavior and this result is compared with boundary- 
layer solutions for a vertical plate in the next section. At this 
point the steady-state result is used merely to eliminate HA’, . 
from the equations. 

At large values of T, steady state is approached if g” approaches 
a constant value. Therefore, from equation (19) 


ay 


— = — 
ar 0 and 


Then, since J approaches 1.0, equation (20) becomes 


— (1+ K) =0 (25) 


° From equation (22), H is based upon the modified Grashof num- 
ber calculated from the asymptotic value of q’; i.e., qo”. 
The final equations for either heating or cooling, with the gen- 
eral boundary conditions, are 


“Mo aT 
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v uA da ] 
at. 7 =0: Y =O and [+ - op (PP) = 0 


The meaning of J and T is as follows: 


(1 + K) 


The foregoing equations specify the relations between Y and Y 
and the time variable T’. The problem has been generalized except 
for the fluid Prandtl number and the R/L effects. The character- 
istics of a particular problem are the heater-storage characteristic 
Q, and the nature of the flux time dependence q’/qg,.”;_ that is, 
the functional relation between the temperature variable Y and 
time 7 depends only upon Prandtl number, R/L effects, Q and 
q"/de" and does not depend upon the Grashof number, and so on. 

The assumptions, approximations, and conditions, upon which 
these results depend, are summarized as follows: 


(a) The thermal diffusivity of the element material is large 
compared to that of the fluid. 
(b) Vertical heat conduction in the element is assumed 


negligible. 


(c) The velocity and temperature distributions retain their 
form in time and space. 

(d) The ratio of the thicknesses of the velocity and tempera- 
ture layers depends only upon the Prandtl number. 

(e) Average distribution parameters a, dz, a3, a4, and as are 
employed. 

(f) The generation rate q” continuously and monotonically 
approaches a constant value at large time. 


Steady-State Solution 


The steady-state solution of the general transient equations, 
equation (25), is compared with two solutions of the boundary- 
layer equations for the vertical flat plate. The two solutions are 
the uniform temperature case by Ostrach [8] and the uniform 
flux case by Sparrow and Gregg [5]. 

Equation (25) is written in conventional form using relations 
(9a), (22), and (24): 


HA’. = (1 + K) (25) 


aa:EAFM,* Np, 
(27) 
(Nor) asNo (1 + K) 
This expression may be written in the following form: 
Nus.e 
= Pe) (28) 
@A d 
| 


an] =0 (26) 
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aCMF* 
a; ENoN 
= My = My = —— 
— 
¥L 


OSTRACH (8) 
© SPARROW & GREGG [5] 
— EQUATION (28) 


This relation, employing the constants determined in Ap- 
pendixes 1 and 2, is compared with the results in [5] and 
(8], in Table 1, and in Fig. 2. The values of P(Np,) are 
within 9 per cent of those in [8] and the trend is the same. The 
difference is in part due to the averaging of constants a, and a; 
over the whole process. If the values of a, and a, for steady 
state are used, the results are essentially identical to those of 
(8). 


Table 1 Comparison of steady-state solutions 
Sparrow and 
w 
Ney Eq. (28) Ostrach [8] Gregg [5] 
0.01 0.0715 0.0765 
0.1 0.237 
0.72 0.444 0.476 
1.0 0.505 0.535 0.573 
10 1.016 1.10 1.17 
100 2.01 2.07 2.18 
3.42 3. 


Application to Case of a Step in Flux 

The general differential equations derived in the foregoing have 
been solved numerically for a special case. The case chosen is 
that of a vertical flat plate of negligible internal capacity (im- 
mersed in an infinite fluid at rest) which is suddenly subjected to 
a thereafter uniform generation rate q’. 

Since Q = 0, J = FY. From equation (26) the rearranged 
equation and boundary conditions are 


+ (x + =(1+ (29) 
at 
T=0: =0 and [1-24 


Equation (29) is converted to a more convenient form for inte- 
gration by a change of variable: 
aA 


(30) 


W = [1 (31) 
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=) (32) 


at 


T=0:Z=0 and W=0 (33) 


The numerical values suggested in Appendixes 1 and 2 (for 
the case of a step in flux) yield the coefficients for equation (32) 
in Table 2. 


The role of the fluid Prandtl number is clearly indicated in 
Table 2. It affects the values of the coefficients in the differen- 
tial equation. 

The relations given in the foregoing for the convection transient 
contain the solution for the infinite slab subjected to a sudden uni- 
form flux on its exposed face. Equation (31)—or the second 
boundary condition for equation (29)—yields 

Z=T 


This result may be rearranged: 
( aA ) 


ar 


The conduction solution, obtained from the Fourier equation,? is 


(34) 


(35) 


(36) 


Employing the average value of 1/a,:AMo, the temperatures 
given by (35) and (36) differ by 15 per cent. 

Since the solution of equations (31) and (32) is not known, the 
integration was carried out numerically on a high-speed comput- 
ing machine using a Runge-Kutta procedure. Certain features of 
the calculation are discussed in Appendix 3. The results for 
Prandtl numbers of 0.01, 0.1, 0.72, 1, 5, 10, 100, and 1000, in 
terms of Y, are tabulated in Appendix 3 and plotted in Fig. 3. 
The one-dimensional transient relation, equation (34), is included 
for comparison. 

The principal features of these results are the small Prandtl 
number effect in these co-ordinates, i.e., J versus T; the close 
adherence to the trend which characterizes a one-dimensional 


* See, e.g., p. 258, ‘Heat Transfer,” vol. 1, M. Jakob, John Wiley & 
Sons, Ine., New York, N. Y. 
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J — GENERALIZED TEMPERATURE RISE 


T- GENERALIZED TIME 


Fig. 3 Temperature-time relation (for a step in flux) 


Table 2 


0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 


(1+K), 


J 
aA 


1.8924 


1.3195 


* An average value of 0.186 was used in the calculations. 
* The constants for the cases of Prandtl numbers of 0.1 and 5.0 were determined by interpolation, 


conduction transient over an appreciable portion of the range; 
and the rapid approach to the asymptote. If an average curve 
were drawn in Fig. 3, all results for the convection transients 
would lie within 1.5 per cent of this curve. In Fig. 4 the short- 
time results are plotted as the per cent difference between the 
trend of the one-dimensional transient and the computed con- 
vection behavior; i.e., (7 — Z)/T. The higher Prandtl number 
fluids diverge most rapidly;from the one-dimensional transient 
which gives less than a 1 per cent error in ¥ for T’ < 0.065. The 
“overshoot” in the convection results is extremely small and 
limited to Np, < 5.0. In a practical sense this overshoot is 
negligible and, if one denotes by steady state an approach to 
within 1 per cent of steady-state temperature, the time interval 
of the transient depends upon Prandtl number as shown in Table 
3. 


Table 3 


Time interval for 
the transient 


0.269 


Journal of Heat Transfer 


Conclusions 


It is expected that the general equations, (19) and (26), are an 
accurate description of natural-convection transients for vertical 
elements with time-dependent internal-energy generation. The 
important dependent variable is an instantaneous temperature- 
rise quantity which depends only upon a generalized time. There 
are only two parameters, the fluid Prandtl number and an element 
storage-capacity quantity. 

The solution of the equations for a limiting case, a vertical plate 
of zero thermal capacity subjected to a step in flux, shows that 
the results for all Prandtl numbers correspond within 2.4 per cent. 
This difference is negligible from any practical point of view and 
average results are within 1.2 per cent of all values. 

The absence of significant overshoot in these results is surpris- 
ing in view of the data of Ostroumov [2] for a horizontal wire in 
water and in alcohol. However, when one considers the relative 
ineffectiveness of the buoyancy forces on the bottom of a hori- 
zontal cylinder, the different behavior is more plausible. Although 
Siegel [3] did not obtain a solution in the analysis for a vertical 
surface, those results suggest overshoot also. However, the 
overshoot may result from the chosen velocity and temperature 
distributions. The author calculated the transients using these 
same distributions with the present theory and obtained large 
overshoot at low Prandtl numbers, where these distributions are 
highly unrealistic, Figs. 5 and 7. 
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Fig. 4 Temperature-rise characteristics at short times 
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In experimental studies made by J. Martin and by the author, 
transient temperatures were measured on vertical plates and on 
vertical cylinders of low thermal capacity in water. No tempera- 
ture overshoot has been observed. The measurements of Gold- 
stein indicate no temperature overshoot. 

The general equations presented herein, (19) and (26), apply 
for arbitrary thermal capacity and may be analyzed for such 
effects. In particular, these equations should be studied to 
establish the conditions under which a quasi-static analysis is 
sufficiently accurate. 

Further measurements and calculations are now being made 
with the support of the National Science Foundation. These 
results will be reported subsequently. 
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APPENDIX 1 
Velocity and Temperature Distributions in the Fluid 


The approximate similarity of the temperature distribution in 
the fluid, independent of Prandtl number, is evident in Fig. 5. 
The temperature excess ratio @ is plotted versus distance from 
the solid-fiuid interface for the transient one-dimensional conduc- 
tion solution for a step in temperature,‘ from the numerical results 
of Sugawara and Michiyoshi [1] for the transient convection 
process, and from the steady-state convection solution by 
Ostrach [8] for the isothermal plate. The curves have been re- 
lated to a comparable scale by choosing distance scales which 
result in a common intersection at @ = 1/2. 

In Fig. 6 velocity distributions are plotted for a Prandtl num- 
ber of 1.0 from [8] for steady state and from [1] for the transient. 
The distribution found by Siegel [3] for the velocity distribution 
arising during the one-dimensional transient phase of the uniform 
flux case is also in close agreement with the curve in Fig. 6. The 
assumption of similarity appears reasonable. Fig. 7 shows how 
the steady-state velocity distribution depends upon the fluid 
Prandtl number. 

Since neither the temperature nor the velocity distribution 


4M. Jakob, “Heat Transfer,” vol. 1, John Wiley & Sons, Inc., 
New York, N.Y. p. 254. 
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Fig. 7 Velocity distributions, vertical plate with uniform surface temperature, for 


Table 4 Constants relating to the velocity and temperature distributions 


Cc E Mo No 
0.199 0.184 1.88 37.8 
0.249 0.226 1.79 14 .7 
0.246 0.238 1.79 15.3 
0.170 0.221 1.77 29.2 
0.156 0.251 1.77 62.6 
0.111 0.194 1.76 228 


may be fitted accurately by simple relations, cf. Figs. 5 and 7, the 
constants A, B, C, and E were determined by graphical integra- 
tion of the distributions calculated by Ostrach [8]. These dis- 
tributions apply to a plate having uniform temperature but are 
the only detailed information available in the literature. The 
constants are listed in Table 4. The information available at the 
present time is insufficient to permit an estimation of the condi- 
tions under which these constants may be applied to cylindrical 
elements. 

The thickness parameter F is determined as the ratio of the 
values of y, in [8], where the velocity and temperature distribu- 
tions are taken as zero for the evaluation of the constants. 


APPENDIX 2 
Distributions of y, y, and x im Steady State 


As a result of the assumption that the vertical conduction of 
heat in the element is negligible, the transient process becomes, in 
steady state, the uniform-flux boundary-condition problem. 
Since the convection processes considered are restricted to those 
which result in a laminar boundary-layer type of flow, the ordi- 
nary boundary-layer equations apply when a buoyancy term is 
added to the force balance. A solution for the vertical flat plate 
with uniform flux has been presented by Sparrow and Gregg 
{5}. The conditions for a “‘similar’’> solution of the flat-plate 
boundary-layer equations indicate the following proportionalities: 


6,, « and u, « 
Therefore from equations (9), (7), (8), and (6): 
and x « 


‘ For a discussion of similarity in this sense see, e.g., p. 116, 
“Boundary Layer Theory,”’ H. Schlichting, Pergamon Press. 


FEBRUARY 1961 / 69 


The values of a, a, @s, a4, and as in steady state were evaluated 
from these distributions and are tabulated in Table 5. 


Table 5 Valves of the averaging constants 
One- 


dimensional Average values 
Constant Steady state transient for a step in flux 
ay 36/35 1 1 
Ga 288/125 1 1.7 
Gs 20/21 1 1 
16/15 1 
as 384/125 1 2.0 


The proper representative values of a), a, as, a, and as for a 
transient process depend upon the nature of the flux variation 
with time. For an element of considerable thermal capacity or 
for a flux which varies relatively slowly with time the steady-state 
estimates would apply. For the extreme case of a step in flux 
and zero-elemept thermal cepacity, average values between the 
steady-state and the one-dimensional transient are listed in 
Table 5. 

The conditions for a similar solution are not known for either 
the uniform flux or isothermal vertical-cylinder problems. How- 
ever, some information is available in recent studies by Hama 
and Recesso [6] and Hama and Christiaens [7] in which an inte- 
gral method of analysis was applied to the isothermal vertical- 
cylinder problem. Equations were obtained which are in agree- 


Np, = 0.01 Np, = 0.1 Np, = 0.72 Ve, = 1.0 
r| ¢ tT | ¢ 

0.02 0.3278 | 0.02 | 0.3278 | 0.02 | 0.3278 | 0.02 | 0.3278 || 

0.04 | 0.4627 | 0.04 | 0.4627 || 0.04 | 0.4626 | 0.04 | 0.4626 

0.06 | 0.5645 | 0.06 | 0.5645 | 0.06 | 0.5642 | 0.06 | 0.5642 

0.08 0.6477 | 0.08 | 0.6477 | 0.08 | 0.6470 | 0.08 | 0.6469 

0.10 | 0.7177 | 0.10 | 0.7175 | 0.10 | 0.7163 | 0.10 | 0.7161 

0.14 | 0.8271 | 0.12 | 0.7748 || 0.12 | 0.7747 | 0.12 | 0.7744 

0.18 0.9037 | 0.14 | 0.8266 | 0.14 | 0.8237 | 0.14 | 0.8233 

| 0.22 | 0.9546 | 0.16 | 0.8683 | 0.16 | 0.8543 | 0.16 | 0.8639 

0.26 0.9858 | 0.18 | 0.9028 | 0.18 | 0.8948 | 0.18 | 0.8971 
0.30 1.003 | 0.20 | 0.9307 | 0.20 | 0.9245 | 0.20 | 0.9238 | 
0.34 1.0109 | 0.24 | 0.9703 || 0.24 | 0.9622 | 0.22 | 0.9449 | 
0.38 1.0133 | 0.28 | 0.9932 | 0 28 | 0.9839 | 0.24 | 0.9604 | 
0.42 1.0128 | 0.32 | 1.0047 || 0.32 | 0.9951 | 0.26 | 0.9736 i 
| 0.46 | 1.0110 | 0.36 | 1.0059 || 0.36 | 1.0002 | 0.28 | 0.9832 | 
0.50 1.0085 | 0.40 | 1.0098 || 0.40 | 1.0020 | 0.30 | 0.9894 || 
0.58 | 1.0045 | 0.48 | 1.0068 || 0.48 | 1.0018 | 0.34 | 0.9972 | 
0.66 | 1.0019 | 0.56 | 1.0032 || 0.56 | 1.0008 | 0.38 | 1.0004 | 
0.74 | 1.0007 | 0.64 | 1.0012 | 0.64 | 1.0002 | 0.42 | 1.0014 || 
0 82 1.0002 | 0.72 | 1.0003 || 0.72 | 1.0000 | 0.46 | 1.0014 | 
0.90 | 1.0000 | 0.80 | 1.0000 || 0.80 | 1.0000 | 0.50 | 1.0011 || 
1.06 1.0000 | 0.96 | 1.0000 | 0.58 | 1.0004 | 
_ — 0.66 | 1.0001 | 
0.74 | 1.0000 | 

0.82 | 1.0000 


ment with experimental measurements on an approximately iso- 
thermal cylinder and on an electrically heated wire (perhaps more 
nearly a uniform flux). Since the uniform temperature and uni- 
form flux distributions are different (an exponent of */, instead of 
1/5) the results of Hama, et al., are used only to indicate under 
what conditions the flat-plate trends may be assumed to apply 
for cylinders. The calculations show that the surface coefficient 
is closely proportional to 1/z"/*, as for the vertical plate, for 


Nar(R/L)* > 


Therefore one assumes that the flat-plate distributions apply to 
cylinders in approximately the same range in the uniform-flux 
case and the constants recommended in the foregoing tables may 
be applied under these conditions. 


APPENDIX 3 


Numerical Solution of Transient Convection for a 
Zero Thermal-Capacity Element 


The solution of equations (31) and (32) with boundary condi- 
tions was obtained with a Burroughs calculator using a fourth- 
order Runge-Kutta method and a 10~* tolerance. The time in- 
terval varied during the calculation because of the accuracy re- 
quirement. Every fourth point calculated was printed out. The 
results, somewhat abridged, are collected in Table 6. 


Nor = 5.0 Ver = 10.0 = 100 = 1000 

| ¢ T r | ¢ 
004 | 0.1466 | 0.004 | 0.1466 | 0.021 | 0.3358 | 0.020 | 0.3277 
008 | 0.2074 | 0.008 | 0.2074 | 0.025 | 0.3663 | 0.024 | 0.3589 
O11 | 0.2432 | 0.011 | 0.2432 | 0.029 | 0.3943 | 0.029 | 0.3943 
013 | 0.2643 | 0.013 | 0.2643 | 0.033 | 0.4204 | 0.033 | 0.4204 
015 | 0.2839 | 0.015 | 0.2839 | 0.037 | 0.4449 | 0.037 | 0.4449 
019 | 0.3195 | 0.017 | 0.3022 | 0.044 | 0.4846 | 0.043 | 0.4791 
023 | 0.3514 | 0.019 | 0.3166 | 0.052 | 0.5258 | 0.049 | 0.5107 
027 | 0.3806 | 0.022 | 0.3437 | 0.056 | 0.5450 | 0.053 | 0.5306 
031 | 0.4077 | 0.026 | 0.3736 | 0.060 | 0.5634 | 0.057 | 0.5496 
035 | 0.4330 | 0.030 | 0.4011 | 0.064 | 0.5811 | 0.061 | 0.5678 
043 | 0.4793 | 0.034 | 0.4268 | 0.068 | 0.5981 | 0.065 | 0.5853 
051 | 0.5211 | 0.038 | 0.4509 | 0.072 | 0.6144 | 0.069 | 0.6021 
063 | 0.5772 | 0.044 | 0.4847 | 0.076 | 0.6301 | 0.077 | 0.6338 
079 | 0.6424 | 0.052 | 0.5260 | 0.082 | 0.6526 | 0.081 | 0.6488 
095 | 0.6987 | 0.060 | 0.5637 | 0.090 | 0.6681 | 0.089 | 0.6772 
111 | 0.7476 | 0.068 | 0.5985 | 0.098 | 0.7069 | 0.097 | 0.7035 
127 | 0.7899 | 0.076 | 0.6307 | 0.106 | 0.7313 | 0.105 | 0.7280 
151 | 0.8426 | 0.088 | 0.6747 | 0.114 | 0.7539 | 0.115 | 0.7561 
183 | 0.8958 | 0.104 | 0.7265 | 0.122 | 0.7749 | 0.123 | 0.7770 
215 | 0.9331 | 0.120 | 0.7714 | 0 130 | 0.7943 | 0.131 | 0.7961 
247 | 0.9582 | 0.136 | 0.8101 | 0.138 | 0.8124 | 0.147 | 0.8304 
279 | 0.9746 | 0.152 | 0.8433 | 0.146 | 0.8290 | 0.163 | 0.8596 
327 | 0.9884 | 0.176 | 0.8840 | 0.154 | 0.8444 | 0.179 | 0.8842 
391 | 0.9961 | 0.208 | 0.9241 | 0.166 | 0.8653 | 0.195 | 0.9050 
455 | 0.9988 | 0.240 | 0.9514 | 0. 182 | 0.8893 | 0.211 | 0.9223 
583 | 0.9999 | 0.272 | 0.9694 | 0.198 | 0.9094 | 0.227 | 0.9366 
711 | 1.0000 | 0.304 | 0.9810 | 0.214 | 0.9261 | 0.243 | 0.9485 
903 | 1.0000 | 0.352 | 0.9909 | 0.230 | 0.9400 | 0.259 | 0.9582 
0.416 | 0.9967 | 0.246 | 0.9514 | 0.275 | 0.9656 
0.480 | 0.9988 | 0.262 | 0.9607 | 0.291 | 0.9726 
0.608 | 0.9998 | 0.278 | 0.9683 | 0.307 | 0.9779 
0.736 | 1.0000 | 0.310 | 0.9795 | 0.323 | 0.9822 
0.928 | 1.0000 | 0.342 | 0.9868 | 0.347 | 0.9871 
0.374 | 0.9915 | 0.379 | 0.9917 
0.406 | 0.9946 | 0.411 | 0.9946 
0.438 | 0.9965 | 0.443 | 0.9965 
0.502 | 0.9986 | 0.475 | 0.9978 
| 0.566 | 0.9994 | 0.523 | 0.9989 

0.662 | 0. 
| 
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Table 6 Solutions of natural convection transient for zero storage 
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Determination of Boiling Film Coefficient 
for a Heated Horizontal Tube in 
Water-Saturated Wick Material 


Using an absorbent wick material saturated with a coolant has become attractive from a 


design standpoint for some missile-cooling applications. However, published data for 
predicting film coefficients are very limited. In this study, boiling film coefficients for a 
1.0-in. OD horizontal copper tube embedded in water-saturated ceramic fiber-wick 
material were correlated over a heat-flux range from 1000 to 10,000 Btu per hr sq ft by 
the dimensionless equation 


( 


The presence of wick material next to a heat-transfer surface decreases turbulence in the 
region near the surface, increases the effective surface area, and provides active sttes for 


Cu os pio 0.21 DG' -0.77 
as) () (*22) - 0072 ( ) 


bubble formation. This produces a higher film coefficient at low heat flux than occurs 
with pool boiling. At higher heat flux, the wick-boiling film coefficient was lower than 


for pool boiling. 


Introduction 


ENT DEVELOPMENTS in the art of using coolants 
for missile-cooling applications have created a need for predicting 
boiling film coefficients with wick-covered heat-transfer surfaces. 
Although the subject of nucleate pool boiling is covered ex- 
tensively by literature, published data on wick-covered surfaces 
are very limited. 

For missile cooling, heat energy may be absorbed by the change 
of state of the coolant from liquid to vapor. During long space 
flights the coolant may be condensed in an externally mounted 
space radiator and returned to the boiler. For space flights of 

Contributed by the Heat Transfer Division of THe AMERICAN 
Socrery or Mecnanicat Enorneers and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 


1960. Manuscript received at ASME Headquarters, May 4, 1960. 
Paper No. 60—HT-11. 
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relatively short duration or during flight at high speeds within 
the atmosphere, radiative cooling is impractical; expendable 
coolants having a high latent heat of vaporization must be used. 
Water is very suitable for this purpose because it is nontoxic, 
readily available, and has a high latent heat of vaporization. 

The requirement for keeping liquid in contact with a heated 
surface during periods of high acceleration or in the absence of a 
gravitational field has provided the stimulus for two design ap- 
proaches, each having certain advantages and limitations. 
Boilers wherein coolant is vaporized in a confined passage by the 
transfer of heat from the passage walls are often used but usually 
require means to store, distribute, and control the flow of cool- 
ant. 

In an alternative method the control and distribution problems 
are eliminated by embedding the heat-exchange surface in ab- 
sorbent wick material that has been saturated with a coolant. 


A = area of boiling heat-transfer sur- Np = pressure number, dimensionless o@ = surface tension of liquid, lb/ft 
face, ft? Np, = Prandtl number, dimensionless @ = proportionality constant, dimen- 
C = specific heat of liquid, Btu/lb Nr = Reynolds number, dimensionless sionless 
deg F Ns = Stanton number, dimensionless 
D = diameter, ft P = absolute pressure, lb/ft? Schessipts 
D, = dimension parameter, ft Q = heat flow, Btu/hr b = boiling 
G = mass velocity of liquid, lb/hr ft* r, = hydraulic radius, ft e = exit 
Q T = temperature, deg F f = fiber 
G’ = lb/hr ft? W = mass flow, lb/hr = inlet 
AT = temperature difference 
Q aqus 
= —~ —, lb/hr ft? (T, —T,), deg F o= 
Aed p, € = porosity factor (1 — p,;/p,), di- 
h = boiling film coefficient, Btu/hr ft? mensionless 8 = surface 
deg F X = latent heat of vaporization, ° 
K = thermal conductivity of liquid, Btu/lb w = wall 
Btu/hr ft deg F # = viscosity of liquid, lb/hr ft wi = wick 
L = length, ft p = density, lb/ft* 1 = unit length 
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This design is particularly attractive for relatively short flight, 
because it is possible to store all the coolant within the boiler shell, 
thus contributing to system simplification and weight saving. 
As an aid in the design and performance evaluation of coolers 
of this type, an experimental investigation was conducted to 
study the mechanism of boiling heat transfer from wick-covered 
surfaces, and to establish means for predicting boiling film co- 
efficients. 


Description of Equipment and Test Procedure 


Fig. 1 shows a two-pass shell and the tube heat exchanger used 
to obtain boiling heat-transfer data. Heat was supplied by hot 
hydraulic oil (MIL-H-5606A) flowing inside a single, horizontal U 
tube fabricated from 1.0-in. OD (0.083-in. wall) hard-drawn 
copper tubing. The tube bundle consisted of two straight tubes 
65.0 in. long joined at one end by a 3.0-in. center-to-center 180-deg 
elbow of the same tubing. 10 minimize heat loss to the surround- 
ings, the heat-exchanger shell (a 5.0-in. ID cylinder, 70 in. long) 
and the inlet and exit tubing were insulated with Fiberglas blanket 
insulation. The shell space surrounding the tube bundle was 
packed with a water-absorbent wick material (Libby-Owens-Ford 
““Microglass”’ unbonded “B”’ fiber) using a packing density of 6.0 
ib per cu ft. Steam was removed through a perforated tube 
installed parallel to the tube bundle. 


TEMPERATURE 


INLET TEMPERATURE 
WALL TEMPERATURE 
\ 
ay = VENT 
4 
- 6 6 ) 
‘ fr ATER 
ATURATED 


EXIT TEMPERATUR 


Fig. 1 Experimental boiler used to determine boiling film coefficients 
with a wick-covered heat-transfer surface 


Measurements were taken of the bulk-oil temperature entering 
and leaving the exchanger using thermocouples installed in mixing 
sections to obtain an average mixed temperature. Wall tempera- 
tures were measured with thermocouples peened to the outer 
surface of the tube wall at 14 points equally spaced along the 
tube. Boiling temperature was measured at six equally spaced 
locations with thermocouples embedded in the wick material 
about 0.25 in. from the tube wall. All temperature measure- 
ments were taken with copper-constantan thermocouples. 

A hydraulic test bench consisting of a variable-delivery hy- 
draulic pump, varidrive, reservoir, and necessary controls, was 
used to circulate heated oil through the U tube. Flow was 
measured by a turbine-type Fischer and Porter flowmeter, with 
an electronic frequency counter. Temperatures were recorded 
continuously with a 48-point Brown recorder. The exhaust duct 
from the boiler was vented to a vacuum system to maintain a 
pressure within the boiler corresponding to the selected boiling 
temperature. 

The boiler was flooded with distilled water to saturate the wick 
and to insure the same degree of wetness at the start of each run. 
Steady-state temperature, pressure, and flow conditions were ob- 
tained as soon as possible to prevent drying of the wick, and the 
unit was refilled after three experimental points were obtained. 

Three boiling temperatures: 120 F, 140 F, and 160 F were 
selected to evaluate the effect of pressure on the boiling film co- 
efficient. Pressure within the boiler, corresponding to the de- 
sired boiling temperature, was adjusted by a valve in the vacuum- 
exhaust line. Heat flux was varied during successive runs by 
using three inlet oil temperatures: 200 F, 235 F, and 270 F, in 
combination with two oil-flow rates: 1.5 and 6.0 gpm. 

An effort was made to secure steady-state operation before 
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taking data. Steady-state operation was assumed when the inlet 
and outlet oil temperatures remained constant for 3 minutes, and 
temperatures could be recorded twice in sequence without ap- 
parent discrepancy between readings. Readings at a given loca- 
tion were separated by a time interval of at least 60 sec. 


Analysis 


Gilmour [1]! reports a satisfactory correlation of the nucleate 
boiling data of a number of investigators with the dimensionless 
equation 


= Qe. 
Ap, Ap, 


(1) 


where 


_ 


(2) 


Because the physical model presented by a wick-covered surface 
is decidedly different from that for nucleate pool boiling, the 
correlation equation for wick-covered surfaces may be expected 
to be somewhat different. However, it seems reasonable to at- 
tempt a correlation for wick-covered surfaces as a function of the 
same dimensionless groups, i.e., by an equation of the form 


Leal Ue} - LP] 
CG K Pp? 

The principal differences between wick and pool boiling are 
believed to be a function of the mass velocity G and the dimen- 
sion parameter D,. To define these differences, a description of a 
postulated boiling mechanism for wick-covered surfaces is neces- 
sary. 

An experiment by Comings and Sherwood [2] to demonstrate 
evaporation in solids offers an explanation of how evaporation 
occurs at wick-covered surfaces. A glass tube was drawn out to 
form a tapered capillary several centimeters long, as shown by 
Fig. 2. This was filled with water and allowed to remain ex- 
posed to the atmosphere. It was observed that, as the water 
evaporated the small meniscus remained stationary at the small 
end of the tube, while the large meniscus moved progressively 
from the large toward the small end. 

Fig. 3 is a simplified sketch showing how the phenomenon just 
described may apply to a wick-covered heat-exchange surface. 
Water evaporates at small menisci formed between randomly 


(3) 


1 Numbers in brackets designate References at end of paper. 


Fig. 2 Evaporation of water from a tapered 


capillary tube. (Evapora- 
tion of liquid causes the meniscus to recede from A toward E.) 


WICK FIBERS 


HEATED SURFACE 
VAPOR FLOW 


— LIQUID FLOW 


Enlarged view of wick fibers next to a heated surface. (Water is 
tapered 
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oriented wick fibers near the hot surface. The small curvature of 
these surface menisci exert sufficient capillary pull to draw liquid 
through any passages ending in larger menisci. The water vapor 
generated by the evaporation at the surface is vented to a point of 
lower pressure, i.e., the vacuum system, through passages of 
larger cross section where the capillary forces are much smaller. 

Flow of liquid in the capillaries is believed to be laminar. This 
laminar flow phenomenon is in direct contrast with the turbulence 
resulting from the formation and collapse of vapor bubbles asso- 
ciated with nucleate pool boiling. Gilmour [1] has accounted 
for the turbulent flow of liquid to fill the void created by vapor 
bubbles leaving the surface with a density ratio p,/p, in equa- 
tion (2). The difference in flow near the surface due to the 
presence of wick fibers should allow elimination of the ratio 
p/p, in defining the mass velocity term G for wick boiling. 
In addition, the presence of fibers near the surface was believed 
to modify the flow cross section in proportion to a porosity 
factor ¢. Therefore the following modified mass velocity term, 


more suggestive of laminar flow, was used for the data correla- 
tion 


W, Q 
Ae Axe 4) 


G = 


Because only one combination of wick-fiber diameter and 
packing density was investigated, the significance of the dimen- 
sion parameter was not demonstrated. However, a consideration 
of the postulated boiling mechanism suggests that a dimension 
parameter based on the spacing between fibers is more applicable 
than a parameter based on some dimension of the heated surface, 
such as tube diameter. A porosity factor € and dimension 
parameter D,, based on an interfiber spacing calculated for the 
combination of fiber diameter and packing density used in this 
investigation, are presented in the Appendix. 

Assuming the definitions of G’ and D, are valid, correlation of 
data then consists of determining exponents of the dimensionless 
groups and the value of ¢ in equation (3). Values of h and Q are 
obtained from equations (5) and (6), using measured temperatures 
and flow rates. 

W.CAT; T.) (5) 
A(T, T,) 


Q = WCLT; — T.) (6) 


G’ is determined by substituting equation (6) into equation (4). 
Other parameters needed in the solution of equation (3) are fluid 
properties, which are available in the literature. All fluid proper- 
ties used in the correlation are evaluated at boiling temperature. 


The method outlined by Gilmour [1] was used to correlate the 
data. An exponent of unity was chosen for the Stanton number 
(h/CG’) and an exponent of 0.6 for the Prandtl number (Cu/K). 
This was considered justified because these exponents are fre- 
quently used in heat-transfer correlations involving liquid heat- 
ing. A plot of the product of these dimensionless groups 


h= 


(h/CG’)(Cu/KY* versus Reynolds number (D,G’/y) is shown - 


by Fig. 4. The “least squares’’ line, reference [3], was deter- 
mined for the plotted data corresponding to each boiling tempera- 
ture. 

Next, the relationship of the pressure number (p,;0/P*) was 
evaluated by determining the ordinates from each of the three 
curves of Fig. 4 corresponding to a mean Reynolds number, 
which was the average of the abscissas of the plotted data. 
These ordinate values then were plotted versus the reciprocals 
of pressure numbers calculated for absolute pressures correspond- 
ing to the three boiling temperatures (120 F, 140 F, 160 F) repre- 
sented by the curves. The slope of the plot in Fig. 5 reveals that 
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the reciprocal of the pressure number should have the exponent 
0.21. 

The dimensionless product, (h/CG’)(Cu/K)“(p,0/P?)-*, 
then was plotted against Reynolds number as shown in Fig. 6. 
The slope of the least squares line established an exponent of 
Reynolds number equal to —0.77. Because the plot is linear, the 
dimensionless proportionality constant @ is equal to the value 
of (h/CG’)(Cu/KP“(p,o/P*)-* at D,G’/u = 1.0. The value of 
¢ was found to be 0.072. 

Hence the correlation equation for boiling with the wick- 
covered heat-exchange surface tested is 


A Cu DG -0.77 
Lae | oora| ] 


It is of interest that a correlation for wick boiling also can be 
obtained by using the density ratio as proposed by Gilmour [1] in 
determining G, that is 

Q 
AeX p, (8) 


Using this parameter, the data are correlated by the equation 


©) 120°F BOILING TEMPERATURE 
Z\ 140°F BOILING TEMPERATURE 


oO 160°F BOILING TEMPERATURE 


10% 


D, 
Fig. 4 Plot of versus Nr for wick-boiling heat transfer 


Nr 


T + — 


2 ‘ 6 8 10 


-1 
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Fig. 5 Cross plot of (Ns:)(Npr)°:* versus (Np)~! for wick-boiling heat 
transfer 
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SHADED SYMBOLS DENOTE CHECK POINTS 


Wick-boiling heat-transfer correlation using G’ 
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Fig. 7 Wick-boiling heat-transfer correlation using = att 

The result of this correlation is shown by Fig. 7. The fact that 
the data may also be correlated using G’ as defined in equation 
(4) indicates that, for the pressure range investigated, the density 
ratio p,/p, is not required in the correlation of wick-boiling data. 

Fig. 8 shows an experimental plot of boiling film coefficient 
calculated from equation (5) plotted against temperature dif- 
ference AT with the analytically derived curves from correlation 
equation (7) superimposed. The differences between wick and 
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pool boiling can be seen by comparing these curves with the 
curves for nucleate boiling of Gilmour [1] and Cryder and Final- 
borgo ( [4], p. 309) for a smooth horizontal tube. It can be seen 
from the slope of the curves that the boiling film coefficient varies 
directly as (AT7')-* for wick-covered heat-exchange surfaces as 
compared with (A7')*:* for nucleate pool boiling. 

It is of interest that the data of Jakob and Fritz ( [4], p. 300) 
for grooved horizontal plates have a curve of intermediate slope 
between the curves for pool boiling with smooth tubes and wick 
boiling. Apparently surface roughness, provided either by groov- 
ing the surface or covering it with wick fibers, increases the effec- 
tive surface area and number of nuclei for bubble formation 
which would account for the increased boiling film coefficient with 
wick-covered surfaces at low values of heat flux. At high heat 
flux, the film coefficient with wick-covered surfaces is lower due 
to reduction in turbulence and because the flow of vapor away 
from the surface impedes the capillary flow of fluid to the surface. 

Another point of interest is the similarity of the derived equa- 
tions for nucleate and wick boiling with the equations that corre- 
late turbulent and laminar heating of liquids. 

Equation (1) is quite similar in form to the equation ([4], p 
196) for turbulent heating of liquids without phase change 


Also, equation (7), derived in this study for heat exchange from 
wick-covered surfaces, is quite similar to the equation ([4], p 
196) for laminar heating of liquids without phase change 


This comparison suggests that covering a heat-exchange surface 
with wick material has the effect of transforming the turbulent 
heating process associated with nucleate pool boiling into a 
laminar heating process. This is reasonable, if one considers that 
the hydraulic radii of the capillary passages between the fibers 
are extremely small; hence the flow in the capillaries would be 
expected to be laminar. 


(10) 


(11) 


CRYDER & FINAL BORGO 
POOL BOILING, 210°F 


+ + 


JAKOB & FRITZ 
+—-GROOVED PLATE, 212°F - 


EQUATION 7 


© 120°F BOILING TEMPERATURE 
4 140°F BOILING TEMPERATURE 
102 | OO 160°F BOILING TEMPERATURE L 


10° 4 6 s 10} 2 


AT ~ °F 


Fig.8 Comparison of boiling film coefficients for wick boiling and pool 
boiling 
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Summary and Conclusions 


Wick material adjacent to a heat-transfer surface transforms 
the turbulent flow process associated with nucleate pool boiling 
into a laminar flow process. Evidence confirming this was found 
in the similarity of equation (7) for wick boiling and equation 
(11) for the laminar heating of liquids without phase change. A 
similarity was also observed between Gilmour’s correlation for 
nucleate boiling, equation (1), and equation (10) for the turbulent 
heating of liquids without phase change. 

The laminar flow process believed to occur with wick boiling 
may be due to the small Reynolds number that results from the 
extremely small hydraulic radii formed by wick fibers next to the 
heated surface. 

At low heat flux, the film coefficient for wick boiling was found 
to be higher than for pool boiling. This is believed due to the 
following: 


(a) Wick fibers increase the effective heat-transfer surface 
area and provide active sites for bubble formation. 

(b) The wick fibers greatly increase the ratio of heated surface 
to liquid volume (this increases the rate of superheat of liquid 
near the surface, thus aiding the formation of vapor bubbles; 
with pool boiling at low heat flux, vapor bubbles are not formed 
rapidly enough to cause much fluid agitation and mixing, hence 
the film coefficient is lower than with wick boiling). 


However, at higher values of heat flux, the film coefficient for 
wick boiling was lower than for nucleate pool boiling. This 
may be due to the following: 


(a) The wick fibers tend to prevent the turbulence and rapid 
movement of fluid near the surface due to the formation and col- 
lapse of vapor bubbles that occurs with nucleate pool boiling. 

(b) The capillary flow of liquid to the surface is impeded by 
the counterflow of vapor escaping the surface. 


The randomly oriented wick fibers form tapered capillaries 
having cross sections of various sizes. The flow of liquid to the 
surface is believed to occur primarily in capillaries of smaller 
cross section so oriented that their narrow ends terminate at the 
surface. With evaporation, liquid is drawn toward the small ends 
of tapered capillaries by the larger surface forces of the more 
sharply curved menisci. Vapor escapes from the heated surface 
through passages of larger cross section where the liquid surface 
forces are much smaller. 

The significant dimension parameter for wick boiling is be- 
lieved to be the width of the capillary passages formed by fibers 
near the heated surface. The size and orientation of the heated 
surface would seem to be relatively less important due to the 
absence of convection currents normally present in pool boiling. 
Because testing was conducted for only one combination of wick 
material and metal surface, the effect of changing these parame- 
ters was not learned. 


APPENDIX 
Dimension Parameter, D. 


This derivation includes a sample calculation for the particular 
combination of wick fiber diameter and packing density used in 
this study. 

Given: 


Wick material—unbonded B fiber 

Mean fiber diameter, D; = 10.4 K 10~ ft (0.00015 in.) 
Wick packing density, p,; = 6.0 Ib/ft* 

Glass fiber density, p, = 162 Ib/ft* 


Fiber volume per unit fiber length 


= = D/L, (12) 
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= (0.785)(10.4 10~*)*%(1) 

= 8.49 10-" ft?/ft 
Fiber weight per unit fiber length 

Wi = pyVi (13) 
(162)(8.49 107-1) 
= 1.37 X lb/ft 


Fiber length per unit volume of wick 


L, = (14) 
6.0 
1.37 x 1078 


= 4.37 X 108 ft/ft® 


Fiber surface area per unit volume of wick 
A, = mD,L, (15) 
= (3.14)(10.4 107*)(4.37 108) 
1.43 104 ft?/ft® 


Void volume per unit volume of wick 


Void volume (16) 
Total volume Py 
6.0 
= 


0.963 ft*/ft* 


Hydraulic Radius. A method analogous to that used for com- 
pact heat exchangers (reference [5]) may be used to define a hy- 
draulie radius. 


(17) 
0.963 
1.43 X 104 
= 6.73 X 107° ft 
Dimension parameter 
D, = 4r, (18) 


= (4)(6.73 X 10-*) 
= 2.69 X 10> ft 
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DISCUSSION 
J. W. Westwater? 


Gilmour’s equation is a good correlation of data for operating 
conditions under normal gravity. The correlation contains three 
dimensionless groups plus a fourth, “pressure group,”’ which is di- 
mensional. Prof. G. M. Dusinberre pointed out, at the Second 


National Heat Transfer Conference, that this group becomes 
i199, 
P% 


dimensionless when multiplied by the ratio g/g, to give 

where g is acceleration (ft/sec?) and g. is the conversion factor 
(lbw (ft)/(Ibe) (see*). This ratio is unity for the conditions 
reported by Allingham and McEntire. It will not be unity for 
space applications. 
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The authors are indebted to Mr. Gilmour for his pool boiling 
correlation which suggested a method of correlation for wick 
boiling. The authors also wish to thank Professor Westwater for 
his discussion noting Professor Dusinberre’s observation that a 
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gravity conversion term should be included in the pressure num- 
ber to make it dimensionless. 

That gravitational force plays an important role in pool boiling 
heat transfer has been generally recognized and recently demon- 
strated experimentally. The relative importance of gravitation 
and surface tension effects appears to be determined by the ratio 
of liquid volume to wetted surface. Pool boiling occurs normally 
in containers of appreciable volume with respect to the container 
surface. In this instance the gravitational force (body force) in 
the liquid has a major influence on the separation and migration 
of vapor bubbles from the heated surface. In wick boiling, how- 
ever, the liquid volumes in the capillary passages formed by the 
wick fibers are microscopic, and the ratio of surface area to 
liquid volume, very much greater. Therefore it is the authors’ 
opinion that boiling from wick-covered heated surfaces is in- 
fluenced primarily by surface tension forces and that the gravita- 
tional effect is of minor importance. 

The authors agree with Professor Westwater that the validity 
of the proposed correlation has been demonstrated only for opera- 
tion at the condition of normal gravity and that further testing is 
needed to determine the influence of conditions other than 
normal gravity. 

In Fig. 8 of the preprint, the range of the low end of the pool 
boiling curves was incorrect. A corrected plot appears in this 
final publication. 
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Optimization of a Sandwiched 
Thermoelectric Device 


An analysis is made for optimizing the thermal efficiency of a sandwiched thermoelectric 


device and is coded for a digital computer. For suitable input data, the computer de- 
termines the thermocouple design that approximately maximizes the thermal efficiency 
of the device. A verification of the analysis indicates that the difference between the 


Introduction 


| it is desirable to operate thermoelectric power 
devices with large temperature drops so that the thermal efficiency 
is as high as possible, it is necessary to have the thermocouples 
operate over a large temperature interval. In the present state 
of material development, no single thermoelectric material is 
satisfactory for use over the complete temperature range. It is 
therefore necessary to use different materials in each temperature 
range. This may be accomplished in two ways: (a) The ma- 
terials may be used in stages such that each stage operates over 
a fixed temperature interval while being electrically insulated 
from but thermally in contact with the remaining stages. (6) 
The other method is to form each leg of the couple by joining in 
series; that is, forming a sandwich structure of the appropri- 
ate thermoelectric materials foreach range. A typical sandwiched 
thermoelectric device is shown in Fig. 1. Simplified design equa- 
tions of a thermocouple of sandwich construction, optimized to 
approximate the maxirum thermal efficiency, were coded for an 
IBM 704; the equations and an example showing computed re- 
sults are presented. 


Contributed by the Heat Transfer Division of Tae AmerIcAN 
Society oF MecuanicaL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, May 19, 1960. 
Paper No. 60—HT-24. 


approximately optimum efficiency and the optimum efficiency is negligible. 


Statement of Problem 


In Fig. 1, n P-type materials P;, P:,... P,, are sandwiched to 
form a positive thermoelectric element P, and n N-type materials 
are sandwiched to form a negative thermoelectric element N.' 
The hot and cold-junction temperatures are denoted by 7', and 
T., respectively, and the element lengths of each individual sand- 
wich member are denoted by 1,,¢ = P,N; j = 1,2...n). 
Ideally, the interface temperature T;, is the lower temperature 
limit for material ij and the upper temperature limit for material 
ij + 1. The optimization problem is to maximize the thermal 
efficiency, subject to specification of the interface temperatures 
T; over-all thermoelectric length L, cross-sectional area A,, and 
the temperature-averaged values of material properties @;;, pj, 
and K,;. Average values of these properties are used since an 
average parameter approximation has been suitably justified for 
the case of single P and N-type elements.? 


Optimization of Efficiency 


The reciprocal thermal efficiency is defined as the quotient of 
the heat rate supplied to the hot junction from the heat source 


1 The number of P and N-type elements need not be equal. They 
are assumed equal only for convenience in notation. 

2B. Sherman, R. W. Ure, and R. R. Heikes, “Computation of 
Efficiency of Thermoelectric Devices,” Journal of Applied Physics, 
vol. 31, 1960, p. 1. 


Nomenclature 


i = P, N for Ap and Ay; cross-sectional areas of 
thermoelectric elements 
E = circuit voltage produced by cumulative Seebeck effect 
T,-T 
€. = Carnot efficiency, = “——* 
T, 
I = current 
i = material subscript index 
j = position subscript index of segment in thermocouple 
K,;, = Ky, = thermal conductance of ij-segment 
ij 
K,;' = K,,' = K,,;/A,, thermal conductance per unit area of 
ij-segment, equations (7) 


n n 
LeL= L,= length of thermocouple 
j=l 


j=l 


l,; = length of ij-segment 

M = figure of merit, equation (15) 

N, = negative j-segment (N-type material) 

P = external electric power produced by thermocouple 
P; = positive j-element (P-type material) 


thermal! power added to hot junction from heat source 
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Rp + Ry 


R= bili; + total resistance internal to 

p> A; thermocouple 

Ro = load resistance external to thermocouple 


Ry, = Ry = Pass, electrical resistance of ij-segment in 
‘ 

thermocouple 

R,;' = R,,;' = electrical-resistance-area product of 
segment, equations (7) 

Taj = contact-resistance-area product between segment ij 
and segment ij + 1; for 7 = 1; hot-junction re- 
sistance-area product is also included 


S = convergence index for IBM 704 code 
T, = hot-junction temperature 
T, = cold-junction temperature 
T,, = junction temperature between segment 1j and segment 


+1; To = Ti; T;, = T, 
Ti; W/3(T + T;;) 

AT;; (Typ = T;;) 

(Continued on next page) 


FEBRUARY 1961/7] 


a 
| 
B. W. SWANSON | 
q 
= 


T= 


Ne | 
4 
Ns 
Py 
Pies N,., 
* 
P, 
Ny 


Aa 


a 


Nomenclature 


78 / Fesruary 1961 


and the electrical power dissipated by the external load.* 
equation form, the reciprocal efficiency is given by 


In 


(T, — Tp, Kp, + — Tv, Ky, — (Rp, + Ry,) + #1 


(1) 


The terms in the numerator of equation (1) represent the net 
heat conducted away from the hot junction. It is quickly recog- 
nized that the first two terms are simply the normal thermal con- 
ductivity process under zero current, while the third term repre- 
sents that portion of the Joule heat which is returned to the hot 
junction. The temperatures 7'p, and Ty, are the specified inter- 
face temperatures between elements P; and P:; and N, and Nz, 
respectively. The terms Kp, and Ky, are the thermal conduc- 
tances for elements P; and Ni; Ap and Ay are the respective 
cross-sectional areas of the P and N-elements; and lp, and ly, 
are the respective lengths of elements P; and N,. The fourth 
term in the numerator of equation (1) is the Peltier heat rate ab- 
sorbed at the hot junction plus the Thomson heat rates generated 
in elements P; and N;. In equation (1), the current J is given by 
the equation 
E 

R + Ro @) 
Here, EZ is the circuit voltage produced by the cumulative See- 
beck effect in the positive and negative elements; the sandwich 
elements may be compared to batteries connected in series. The 
voltage £ is given by 


E = a’(T, — T,) (3) 


where the parameter a’ is an effective Seebeck coefficient for the 
sandwiched thermoelement and is made up of temperature- 
averaged values &;,,; of the individual Seebeck coefficients. 

In equation (2), R represents the internal electrical resistance 
of the sandwich, given by summing the resistances of the in- 
dividual elements. In the fourth term of equation (1), the co- 
efficient # is the summing of the Peltier and Thomson effects in 
the P,; and N,-elements, as derived in the Appendix. 


2A. F. Ioffe, “Semiconductor Thermoelements and Thermoelectric 
Cooling,”’ Infosearch Limited, London, England, 1957, chapter 2. 


+ 4M +) , equations (18) 


dimensionless scaling factor, equation (27) 
dimensionless scaling factor, equation (27) 


optimum value of thermal efficiency 


a,,(T), Seebeck coefficient of ij-segment when at uni- 
form temperature T 


Tij- 


coefficient of segment when nonuniform in tempera- 
ture 
n 


i=P,Nj=1 


beck coefficient for sandwiched thermocouple 
difference in Seebeck coefficients evaluated at the 
two junction temperatures of the ij-segment 
Aap, Tp Aay Ty 


—, effective 
= q, 


T;,)/(T, — T,), effective See- 


Seebeck-Thomson coefficient at hot-junction inter- 
face; Appendix 
Rp, + Rv, 
k,,(T’), thermal conductivity of ij-segment when at uni- 
form temperature T 


Tijana 


conductivity of ij-segment when nonuniform in 
temperature 


k,,(T)dT, average thermal 


®,; = Peltier effect at junction between ij and (ij + 1)-seg- 

ments 
& = AT,, effective Peltier coefficient at hot-junction inter- 

face 

Py = p,,;(T), electrical resistivity of ij-segment when at uni- 
form temperature 7 

Bi = (Ty — p:;(T)dT, average electrical re- 
sistivity of ij-segment when nonuniform in tempera- 
ture 

6p, 6y = dimensionless temperature, equations (5) 
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The third term in the numerater of equation (1) is a good ap- 


proximation to that part of the Joule heat rate generated in ele- (a) _ =© 
ments P; and N, which returns to the hot junction. 
In the denominator, the load power P is represented by I*Ro, . 
where Jp is the resistance of the external load. With equation( 3) 
and the definition of # substituted into equation (1), the expres- 6) al; 0 
sion for thermal efficiency becomes TR ™ (12) 
re) 
T,a E*(Rp, + Ry,) ( R ) 
Q (T, — Tp,)Kp, + (T, — + R+ AR + Ro)? 
| E*Ro (c) Ro ( Ay ) 
(R + Ro)? 


and multiplying the numerator and denominator of equation (4) 
by (R + R»)?, equation (4) becomes 


E 
(T, — T.)(OpKp, + + Ro)? + T,A E(R + Ro) — 


An order-of-magnitude analysis of the energy relationship, 
equation (25), reveals that the element lengths /;; are determined 
primarily by thermal conduction in the P and N-elements and, 
therefore, assumptions (a) and (b) are reasonable. The validity 
of assumption (c), and in fact of all of the assumptions, is 
established in the section on “Verification of the Analysis.” 

With the partial derivative of F with respect to Ay/Ap, set 


(Rp, + Ry,) 


E*Ro 
With the quantities Rp’, Ry’, Kp,', Kw,', defined by the equations 
Rp’ = RpAp; Kp,’ = 


(7) 


equation (6) becomes 


R 
(Ty — + + 


Q 


(6) 


equal to zero according to equations (11) and (12), Q/P becomes a 
minimum for a ratio of the cross sections such that 


Ay 


Oy Ky,'Rp' (23) 


Ap 


With equation (13), equation (8) becomes 


P E? 


The general form of equation (8) is 


A R 
=F (4s, rt Bij, T,, (9) 


A basic problem associated with the analysis of a sandwiched 
thermocouple is that an energy-balance boundary condition must 
be satisfied at each interface between different materials. An in- 
spection of this energy relationship, given in equation (25), re- 
veals that the element lengths are functions of the ratios Ay/Ap 
and R)/R; i.e., 


Ay R 
Lis Li; &; 5, Bij Kiyy (10) 


Therefore the partial derivative of Q/P with respect to Ay/Ap 
is correctly given by 


P oF or ol; ; 
(21 
(4 (4) » ol, ; a 
Ap Ap Ap 
A similar expression exists for the partial derivative of Q/P with 
respect to Ro/R. The following assumptions are now made: 
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8 
2Ro ®) 


1 r 1 Ro 
[(@p,Rp’K p,') (OyRy'Ky,') + ale + =) 


(a’)(T, — 


R 
— 


T, 2Ro (14) 
With the figure of merit M defined as 
2 
M (15) 


equation (14) becomes 


P 4M(T, — T,) (7, — T.) 
(Rp, + Ry,) 
(18) 


With the partial derivative of Q/P with respect to Ro/R set 
equal to zero, again according to equation (12) the numerator of 
equation (16) is minimized for the ratio 
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ig With variables 6, and 6, defined by the equations : 
1 
| 
Q 
K = 
Ry’ Ro R 
1+—)(1+— 
R 
— 
4 
i 
| 


(17) 


Re a 
Rr -= (: + 4M 


Finally, with Ry and R adjusted to satisfy equation (17), the 
thermal efficiency is approximately optimized with equation 
(12) to be 


<) (X + 1) — - 1) 
a 


(18) 


Optimum Design Problem 


Design Equations. The optimum design problem may now be 
stated as follows: Given the values of &,,, Terje ATi Ty 
T,, A,, and L determine the values of Ay, l;, R, Re, I, and 
(P/Q)*. 

Solution of this problem requires that the following equations 
be satisfied: 


a’(T, 


fe 
R+ Re 


(19) 


(20) 


OyKw,'Rp’ ) 


(21) 


+ Ga) 


b= > => 


t=1 ‘= 


Re Bi sis te 
i=P,N 


Joule Joule 


I 


(23) 


Thomson 


I | (4 
(z) 


AT 


— 1) 
(zy (4) (X +1) — — 1) 
Q a 
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(26) 


Equation (25) is an energy balance for the interface between 
elements ij and ij + 1. It states that the amount of energy flow- 
ing to the interface, plus or minus the amounts of energy gen- 
erated or absorbed at the interface, is equal to the amount of 
energy flowing from the interface. One half of the Joule effects 
in elements ij and ij + 1 is assumed to flow to this interface. 
One half of the Thomson effects in these elements is assumed to 
flow to or away from the interface depending on the source or 
sink nature of these effects. The interface Joule effect due to 
contact resistance is a source term, and the interface Peltier 
effect may be a source or sink term. The last two terms in the 
equation are the conduction terms which give the approximate 
amounts of heat conducted to and away from the interface. 

Numerical Scheme (18M 704). This design problem may now be 
solved by the following iteration method which has been coded 
for an IBM 704: 


Step 

(a) Calculate &,,, X;;, per definitions in Nomenclature. 
(b) Calculate &’, a, Op, Ay. 

(c) Obtain initial estimates of |; from the equations 


Li; 


(d) Calculate Rp’, Ry’, Kp,', Kw,'. 

(e) Calculate Ay/Ap from equation (20) and Ay. 
(f) Calculate M from equation (22 

(g) Calculate Ro/R from equation (21). 

(hk) Calculate R from equation (24). 

(i) Calculate Ro. 

(j) Calculate J from equation (19). 

(k) Calculate a new set of /;; from equation (25): 


(k-1) Assume [>p,. 
(k-2) Solve for lp;; from equation (25). 
n 


(k-3) Check if +o lp, = L. 


j=l 
(k-4) Repeat steps (k-1) to (k-3) until : mk 
(k-5) Repeat steps (k-1) to (k-3) for “ts 


(1) Repeat steps (d) through (k) until I,| < 10-5 where 
is specified convergence index. 
(m) Compute Rp,, Ry:, and 6. 
(n) Compute (P/Q) from equation (26) or from equation (1). 
Efficiency Independent of Geometry. Suppose that this analysis 
has been carried out for L = 1 cm and Ap = 1 cm? and let the 
symbol { ) about a parameter denote its value for this case. 
Now consider the effect of multiplying each /,, by some factor z 
and the area Ap by some factor y. First, it is noted that the ratio 
Ay/Ap and the figure of merit M are not changed since the factor 
z appears in the denominator of Kp,', Ky,', and in the numerator 
of Rp’ and Ry’. Therefore Ay is multiplied by y and the internal 
resistance R, with contact resistance disregarded, can be written 


Since the ratio 2o/R is also independent of z and y, Ro will be 
multiplied by z/y, and the current J becomes 


(27) 


(28) 
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Now, for the case of no contact resistance, it is observed that 
each term of equation (25) will be multiplied by 1/z, since 


I I 1 I 

£ wt (29) 
A; z yA; z \A; 

and all lengths /;; are multiplied by z. Furthermore, equation 

(26) also holds since all terms, including 6, are not affected by y 


orz. Therefore equations (19) through (22) also hold for a de- 
vice with the modified parameters y(A,), 2(/,,), and 2/y(Ro). 


Moreover, 

L 2L 

Ay yAy 

= (30) 

Ap yAp 

( (2/y)Ro 

R (2/y)R 
Thus it has been shown that the optimization yields a set of 
“approximately optimum” ratios Ay/Ap, l,;;/L, Ro/R, and that 
any values of Ap and L can be used to determine them. This 
means that the approximately optimum efficiency without 
contact resistance is independent of the specifie geometry of the 
device and is a function only of its material properties, the source 


and sink temperatures, and the optimum geometrical ratios. For 
the case when L = z em and Ap = y cm’, the load power 


becomes 
2 y 


Thus the load power developed is y/z times the power produced 
in a device with unit length and area. 


Code Description and Numerical Example 


An example of a thermoelectric device considered is shown in 
Fig. 2. The P-type elements are designated as P;, P:, Ps, and 
the N-types as N, and N;. In general, the thermoelectric proper- 
ties a;,, p;,, and x,;; are temperature-dependent. The variation 
of these properties with temperature is fed into the computer in 
the form of tabular functions, and the computer averages these 
properties over their respective temperature ranges, as defined in 
the Nomenclature. The average values of these properties are 
given in Table 1. Besides the temperature dependence of these 
properties, the computer requires the following information: 


(a) Hot-junction temperature... 7, = 880 deg K 

(6) Cold-junction temperature.. 7, = 300 deg K 

(c) Interface temperatures... .. Tp, = 720 deg K; 
Tp, = 420 deg K; 
Ty, = 420 deg K 

(d) Over-all length............ L=1cm 

(e) Area of P-elements........ Ap = 1 cm? 

(f) Contact resistances........ Ta, = 0 

(g) Convergence factor........ S=2 


With this information, the computer runs through the iteration 
method described earlier, and solves for the optimum thermal 
efficiency and the optimum design parameters. The optimum 
solution for the example is given in Table 2. 


Verification of Analysis 


The thermal efficiency can be obtained from equation (8) with- 
out recourse to the optimizing criteria. If the ratios Ay/Ap and 
R,/R are specified, along with the parameters &,,, &ij Ty, Tos 
T Ap, and L, the thermal efficiency of a sandwiched couple can 
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be obtained from equation (8) and equations (19), (23), (24), 
and (25). Thus it is possible to use the analysis to “optimize” 
a sandwich thermocouple, go “off-optimum”’ not using equations 
(12) with respect to the ratios Ay/Ap and R)/R, calculate the 
thermal efficiency, and compare this efficiency with the predicted 
optimum. Such a subprogram has been built into the code and 
provides a method for verifying the analysis. The off-optimum 


Table 1 Average values of parameters 


Ky a, 
watts/cm volts/deg AT, 
Location ohm-cm deg C C deg C 
P, 0.00053 0.04636 0.000154 160 
P; 0.00361 0.01258 0.000226 300 
Py; 0.00074 0.01861 0.000159 120 
Ni 0.00405 0.01342 0.000231 460 
N; 0.00130 0.01453 0.000212 120 
Table 2 Optimum design data for numerical example 

lp,/L 0.551 

lp,/L 0.291 

lp,/L 0. 158 

ly,/L 0.772 

An/Ap 1.985 

Ro/R 1.376 

(P/Q)* 0.1148 

0.00318 ohm 

Ro 0.00438 ohm 

I 32.135 amp 

P 4.5 watts 


P, 
N, 
720° K 
P, 
420° K 
420° K 
No 
Tc = 300° K 


[ 
Tn = 880° K 
| 
| 
JA 
Cu 
= Ro 
Fig. 2 Sandwiched device for numerical example 
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Table 3 Off-optimum valves of efficiency versus Ry/Rfor Ay/Arp = 


1.985 

Per cent of optimum R)/R P/Q 
10 0.04199 
70 0.11263 
0.11422 
90 0.11485 
95 0.11490 
98 0.11485 
100 (optimum) 0.11480 
102 0.11472 
105 0.11457 
110 0.11424 
120 0.11332 
130 0.11213 
200 0.10091 
300 0.08517 


Table 4 Off-optimum values of efficiency versus Av/Ap for Ryo/R = 
1.376 


Per cent of optimum Ay/Ap P/Q 
10 0.04601 
70 0.11228 
80 0.11384 
90 0.11461 
95 0.11476 
Os 0.11480 
100 (optimum) 0.11480 
102 0.11478 
105 0.11473 
110 0.11457 
120 0.11402 
130 0.11325 

200 0. 10498 
300 0.09215 


values of efficiency for the numerical example are given in Tables 
3 and 4. 


Because of assumptions made, the optimization analysis is 
approximate, as is indicated by the fact that at 95 per cent of the 
optimum value of Ro/R, the calculated efficiency is greater 
than the approximately-optimum efficiency. However, an off- 
optimum analysis of this couple, and of many others that have 
been studied, indicates that the assumptions in the optimum 
analysis yield a good approximation to the exact optimum ef- 
ficiency, and the approximately optimum values of the design 
parameters A,/Ap and R,/R are close to the exact optimizing 
values of these ratios. 


APPENDIX 


Derivation of & 


The parameter @ is an effective Seebeck coefficient for the hot 
junction. It includes the Seebeck effect at the hot-junction inter- 
face plus the source or sink character of the Thomson effects in 
elements P, and N,. The latter effects are given by 
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|dar,| Tn and + Ty 
2 2 T, 


T, 


and their derivation follows. 


The Thomson effect is given by the term 


aT 
Ip or IpdT 


Since the Thomson coefficient varies with temperature, an average 


value ZZ is to be used, where 


e 


If the variation of a with 7 is assumed to be linear, da/dT 


becomes a constant C = Aa/AT. Then 


f=c— 
T, T, 


Since to a good approximation, one half of the Thomson heat 


2 


affects the hot junction, 7 becomes 


| Aa (Tr +7.) _ Aa T 


2 


and 


2 


(%+f, 
=cCc - 


a (1, + 7.) 


AT 


AT 2 


(f/2)AT = (Aa/2)T 


Tke Thomson effects for elements P; and N, are thus given by 


|Aap,| (7, + Tp,) 


2 


and 


2 


|Aaw,| (7, + 


9 


The term @7’, gives the over-all sink effect at the hot junction, 


where 
aT, (\ap,| + |) T's 


and thus 


= + law, | 


2 


2 


|Aap| | Aavy,| 
+ Tp, © Ty, 
2 2 
2 7, 2 
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The Heat-Balance Integral—Further 
Considerations and Refinements 


Integral methods have previously been applied to transtent heat conduction in a slab 
with constant thermal properties. In this paper the method is extended so as to include 


temperature-dependent thermal properties in the analysis. In addition, it is shown how 
to improve the accuracy of a solution by increasing the order of the polynomial used to 
represent the temperature profile. For the case of a prescribed step surface temperature 


Introduction 


heat-balance integral mentioned in the title is 
an integral of the transient heat-conduction equation in a solid 
and is analogous to the momentum integral in boundary-layer 
theory. The use of an integral method in transient heat-conduc- 
tion problems was first presented by Goodman [1].' It was 
further exploited by Reynolds and Dolton [2], Goodman [3], 
Yang and Szewezyk [4], and Goodman and Shea [5]. The pur- 


pose of the present paper is to extend the method by showing . 


how to (a) use integral methods when the thermal properties are 
temperature-dependent, and (b) improve the accuracy obtainable 
from integral methods by increasing the order of the polynomial 
which describes the temperature profile. In using an integral 
method there is never a unique procedure to follow, and the ulti- 
mate criterion for determining whether or not a particular pro- 
cedure is successful must involve an assessment of both its 
accuracy and simplicity. The technique presented here results 
in a relatively simple analysis; furthermore, the accuracy is cer- 
tainly acceptable for engineering purposes as will be confirmed 
by comparing a particular solution obtained using the method 
with its exact counterpart. 


Analysis 


The simplest way to present the refinements mentioned in the 
title is by way of example. For this purpose, consider a semi- 
infinite slab initially at zero temperature which consists of a ma- 
terial whose thermal properties are temperature-dependent. At 
the surface, either the heat flux or the temperature is prescribed. 

The differential equation for the temperature u(z, t) together 
with the two sets of boundary conditions are: 


'‘ Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, January 12, 1960. Paper No. 60— 
SA-9. 
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in a semi-infinite slab, a quartic profile is shown to give excellent accuracy. 


ou 
— = —[k—}, >0 L 
u(z, 0) = 0, z>0 
(2) 
u(o,t)=0, t>0 
for prescribed surface temperature: 
u=u, z=0 (3a) 
for prescribed surface heat flux: 
(: = -Hit), (3b) 
or /, 


. Both k and pe are assumed to be temperature-dependent. The 


designations a and 6 will continue to refer, respectively, to the case 
of prescribed surface temperature and prescribed surface heat 
flux. 


At this point, a transformation of the dependent variable is 
made which is the key to the entire analysis which follows. Let 


v= f° pedu (4) 


The quantity v is a one-to-one function of the temperature u. In 
terms of v, Equations (1) to (3) become, respectively, 


ov ov 
ES =| (5) 


u(z,0)=0, 


(6) 
=0, t>0 


v=v, =0 (7a) 
(=) (7b) 
oz}, 


In accordance with the method as presented by Goodman [1], 


dimensionless parameter involved 
in quartic profile, see Equation s 


see Equation (4) 


thermal layer at which tempera- 


= distance into the solid measured ture and heat flux remain un- 
(18) from surface altered 
c = specific heat y=2 V pe/2 WV keot @ = see Equation (10) 
H = surface heat flux a@ = constant in linear temperature ¢ = diffusivity (k/pc) 
k = thermal conductivity variation of thermal conduc- p = mass density 
i = time ~~ u ( )e = initial value 
u = temperature (1 ), = surface value (at = 0) 
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define a thermal layer 6 at which v(4, t) = 0, = (6,t) = 0. By 
differentiating v(5(t), ¢) = 0, with respect to ¢ and applying 
Equation (5) it can readily be shown that as (6,t) = 0. This 


additional derived constraint on the profile may be termed a 
“smoothing” condition. These three conditions at z = 6 plus 
Equation (7) at z = 0 are sufficient to define a cubic profile which 
evidently must take the form: 


= — 2/5) (8a) 


= — (8b) 
Now, integrate Equation (5) from z = 0 to z = 6 and apply 
Equations (8). The resulting heat-balance integrals are: 


(9a) 


d6 
H(t) (9b) 


where, in both cases, 


(10) 


Substitute Equations (8) into Equation (10), and use the results 
in Equations (9). This yields the following differential equations 


for 5: 
_ 
dt (‘2) 5 
d 
(iar) 


Notice that only the thermal properties at the surface enter 
the problem. The solution of these equations, subject to the 
initia! condition 5(0) = 0, is 


f | (12a) 
0 
na | (12b) 
0 


Equations (4), (8a), and (12a) comprise the solution for 
prescribed surface temperature in terms of quadratures. For pre- 
scribed surface heat flux, on the other hand, the thermal layer 5 
is not determined from Equation (126) because the diffusivity at 
the surface ¢, is given in terms of the surface temperature which is 
not yet known. However, », may be determined in terms of 5 
from Equation (8b) by setting z = 0. Upon eliminating 5 be- 
tween the resulting equation and Equation (12b) there results 
the following transcendental equation for »,: 


t 
tet f Hat (13) 
0 


Once v, has been determined as a function of time by solving 
Equation (13), the complete solution is given by Equations (4), 
(8a), and (12b). 


An Example 


Now, suppose the prescribed surface temperature is a step, so 
that v, is constant. This problem has been solved exactly by 
Yang (6! and his results will be used to assess the accuracy of the 
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Fig. 1 Comparison of approximate and exact temperature profiles for 
step surface temperature using cubic profile 


integral approach. Since {, depends solely on pr,, {, is also con- 
stant, and Equation (12a) reduces to 


(14) 
Substituting into Equation (8a), there is obtained 
v 
— 15 


Suppose now that pc is constant. By virtue of Equation (4), v is 
then proportional to u. At the same time, let k = kof 1 + au/u,) 
describe the temperature variation of the thermal conductivity. 


It follows that ¢, = k(1 + a)/pe. Lety = Vpe/2 kel, and 
Equation (15) then becomes 


u y 

The symbols y and a are defined precisely as was done by Yang 
[6]. This closed form solution is plotted in Fig. 1 and compared 
with Yang’s exact solution. The accuracy is,comparable to that 
obtained by Yang and Szewezyk [4], who also solved the problem 
using an integral technique; but the differential equation for the 
time dependence can be solved in closed form in the present in- 
stance and is, therefore, much simpler. Also shown in Fig. 1 is 


a comparison between — } ~) as calculated exactly by 
dy U, 


Yang [6] and as calculated approximately from Equation (16). 
The heat flux at the surface is directly proportional to this quan- 
tity. 


Improving the Accuracy 


The problem of a prescribed surface temperature step with 
constant pe will now be used to illustrate how the accuracy of a 
solution may be improved by using a higher-order polynomial for 
the profile. In particular, a quartic will be used. This introduces 
another constant into the profile, thereby requiring an additional 
constraint. Instinctively, one would probably derive another 
smoothing condition at z = 5, and require that ion (6, t) = 0. 
However, instinct would be wrong, for this condition actually 
makes the resulting solution worse than the one obtained from a 
cubic profile. On the other hand, if the boundary condition at the 
other end of the interval, Equation (7a), is differentiated with 
respect to time, and then the time derivative is eliminated by 
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Fig. 2 Comparison of approximate and exact temperature profiles for 
step surface temperature using quartic profile 


using Equation (5), the following alternate condition at z = 0 is 


obtained: 
dv \? dt 
t.( Ss), + (3). 


The highest-order derivative involved in this constraint is the 
second, whereas the third derivative was involved in the unac- 
ceptable smoothing condition. It has been found that using 
Equation (17) will definitely improve the results. This fact is an 
illustration of the following fundamental rule: 


In selecting a derived constraint at one end of the interval 
in order to determine an additional constant in the profile, 
the accuracy will be improved only if preference is given to 
the one which involves the lower order derivative. If the 
highest-order derivative involved in both possibilities is the 
same, then the choice is arbitrary.* 


A comment must be added, namely, that this rule is to be fol- 
lowed whenever possible. There are cases when it is impossible 
to follow, and this will become clarified as the example of the pre- 
scribed surface temperature step is carried out. 

Assume, then, a quartic of the form 


2/8)" 4+ (1 AX — 2/8)" (18) 


% uy 


and substitute into Equation (17). This results in a quadratic 
for A, the pertinent solution to which is 


_3+7a- VW3(3 + 7aX1 + a) (19) 
a 


A 


Notice that A vanishes for a = —*/; For A to vanish is 
equivalent to the condition “ (6, t) = 0, and this is precisely 


the smoothing condition that was previously discarded in favor 
of Equation (17). Thus when a = —#/;, Equation (17) and 
the smoothing condition are both satisfied by the quartic profile. 


? Although the author originally presented this rule without justifi- 
cation, K. T. Yang [7] pointed out that the rule is probably correct 
because what we mainly wish to accomplish by approximating the 
actual profile by an arbitrary assumed one is a good check on the 
profile values themselves, and that deviations would definitely be- 
come increasingly larger if successive derivatives are compared. 
Thus it is more important to satisfy a condition associated with a 
lower-order derivative. 
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it is to be expected, therefore, that the quartic profile will be 
most accurate fora = —#/;since at that point an additional con- 
straint has automatically been satisfied. Now it is inconceivable 
that this very pinnacle of accuracy should likewise be the 
threshold of the mathematical breakdown of the entire solution. 
But for —1 < @ < —#*/;, A is complex and the resulting 
solution has no meaning. In order to circumvent this difficulty 
it is proposed that for @ in this range the fundamental rule be 
discarded, since it is impossible to follow, and the smoothing con- 
dition be applied instead. Thus for @ in this range A will be 
taken to be identically zero. 

It is conjectured that the simultaneous occurrence of the 
mathematical breakdown of the solution and the automatic 
satisfaction of the alternate constraint is not accidental, but that, 
for any general problem involving an integral method, if the 
solution breaks down mathematically somewhere it will neces- 
sarily be at the point where the alternate constraint is auto- 
matically satisfied. The proper way to continue the solution into 
the forbidden region then, is to retain the alternate constraint 
and ignore the original constraint, thus, in effect, discarding the 
fundamental rule. The remainder of the analysis may be carried 
out in a manner quite similar to that used for the cubic profile. 
The final result is 


YY — Aa +e) 


4+A 


where A is given by Equation (19) fora > —*/7, and A = 0, for 
—l<a< —*/;. This solution is shown in Fig. 2, together with 
the exact solution of Yang. Also shown is the quantity 


-—— ( “) . These results constitute a considerable improve- 
U, yt 

ment over those obtained using a cubic profile as may be con 
firmed by comparing with Fig. 1. 


References 


1 T. R. Goodman, “The Heat-Balance Integral and Its Applica- 
tion to Problems Involving a Change of Phase,”” Trans. ASME, vol. 
80, 1958, pp. 335-342. 

2 W.C. Reynolds and T. A. Dolton, ‘Use of Integral Methods 
in Transient Heat-Transfer Analysis,” ASME Paper No. 58—A-248 
(1958). 

3 T. R. Goodman, “The Heating of Slabs With Arbitrary Heat 
Inputs,”’ Journal of Aero/Space Sciences, vol. 26, 1959, pp. 187-188. 

4 K.T. Yang and A. Szewczyk, “‘An Approximate Treatment of 
Unsteady Heat Conduction in Semi-Infinite Solids With Variable 
Thermal Properties,” JourNAL or Heat Transrer, Trans. ASME, 
Series C, vol. 81, 1959, pp. 251-252. 

5 T.R.Goodman and J. J. Shea, ‘““The Melting of Finite Slabs,” 
Journal of Applied Mechanics, vol. 27, Trans. ASME, Series E, vol. 
82, 1960, pp. 16-24. 

6 K. T. Yang, “Transient Conduction in a Semi-Infinite Solid 
With Variable Thermal Conductivity,” Journal of Applied Mechanics, 
vol. 25, Trans. ASME, vol. 80, 1958, pp. 146-147. 

7 K.T. Yang, personal communication, 1959. 


DISCUSSION 
K. T. Yang*® 


The author is to be complimented on adding another piece of 
work to the literature on the application of integral procedures to 
unsteady heat-conduction problems. His explicit use of the 
transformation, Equation (4), which reduces the original heat- 
condition equation to a diffusion equation with concentration- 
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dependent diffusion coefficient, is extremely valuable since it de- 
creases the mathematical complexity of the problem greatly. 

However, it is rather unfortunate that the author demonstrates 
the increased accuracy of using the Pohlhausen’s fourth-degree 
temperature polynomial on the basis of comparison of results 
with only one exact solution. Whether or not this conclusion is 
still valid for arbitrary surface-temperature or surface heat-flux 
variations has yet to be shown, especially in view of the fact that 
in laminar boundary-layer theory it is well known that using 
higher-order profile polynomials in integral procedures does not 
necessarily improve their accuracy. Furthermore, in a problem 
where the surface heat flux is prescribed, the alternate condition, 
which corresponds to Equation (17) and is obtained by evaluating 
Equation (5) at z = 0, complicates the analysis greatly, and 
simple expressions like Equations (12) and (13) are no longer 
obtainable. In addition, a limiting condition as ¢ — 0, which is 
necessary to carry out the solution and similar to that indicated 
in reference [4] of the paper, has to be established. 

There is no doubt in the discusser’s mind that the integral 
procedure represents a potential tool for dealing with general un- 
steady conduction problems. However, for general problems of 
variable thermal properties, with and without moving bounda- 
ries, of finite plates with different boundary conditions including 
sutiace convection and radiation, of composite slabs, with cylin- 
drical or spherical symmetry, or even of two-dimensional and 
three-dimensional unsteady conduction, many details of the in- 
tegral procedure have not yet been established; and it is certain 
that the analyses involved would not be as simple as those already 
shown in the literature, including those by the author, though the 
procedure may still enjoy a definite advantage over the purely 
numerical solutions. Therefore it seems that much more has to 
be done in order to fully establish this procedure in conduction 
calculations. 


Author's Closure 


The history of integral methods is replete with attempts to 
improve the accuracy of the original Pohlhausen one parameter 
approach. Among these attempts are the use of higher order 
polynomials to represent the profile and also a two parameter 
method together with an additional weighted integral equation. 
These methods have usually yielded better accuracy; but some- 
times, as Professor Yang points out, the accuracy becomes de- 
monstrably worse. Nevertheless, it is certainly desirable to use 
the least primitive profile available. Even though it can be 
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shown that the accuracy obtainable using a higher order poly- 
nomial occasionally decreases, it is certainly true that increasing 
the order of the polynomial usually improves the accuracy. 
Since no alternate procedure has ever been proposed together 
with a proof that the accuracy will improve, it behooves us to 
try the simplest thing first, namely, to increase the order of the 
polynomial. If it can be demonstrated by numerical comparison 
with an exact solution that the accuracy does in fact improve, 
then we must accept the result as an improvement for this prob- 
lem and others of a similar nature. This demonstration does 
not, of course, tell us the circumstances under which the ac- 
curacy will improve and those under which it will become worse, 
and this is entirely due to the lack of an adequate theory of 
integral methods. Until such a theory is forthcoming, there 
will remain a certain arbitrariness in using the method, and any 
argument over the superiority of one approach over another is 
purely subjective. What is needed is a proof that the integral 
procedure as we know it is the first step in an iteration pro- 
cedure which converges to the exact solution. In addition, 
there is required an estimate of the error introduced by stopping 
after the nth iteration. But even if these shortcomings were 
overcome the arbitrariness would still remain because, as in all 
iteration procedures, there is no rule for making the initial guess, 
and the initial guess itself characterizes the usual integral method 
completely. Nevertheless, one would have the assurance that 
the error could be made as small as desired regardless of the 
assumption about the profile, merely by carrying out the iteration 
procedure to a sufficient number of steps. Mathematicians, 
instead of pursuing this fruitful line of inquiry, have tended to 
pooh-pooh the method entirely by pointing out that almost any 
answer can be obtained by choosing a profile which is sufficiently 
outlandish. This criticism is true, of course, but it avoids the 
problem instead of solving it. Engineers are wiser, and in their 
bungling way stick with the method despite lack of rigor. The 
introduction of integral methods to transient heat conduction 
problems constitutes not only a practical engineering tool, but 
also, since the heat conduction equation is just about the simplest 
conceivable equation for which the integral method can be used, 
it introduces the prototype equation for integral methods in 
general. Thus, the heat conduction equation is a logical proving 
ground for mathematicians to introduce rigor into the integral 
method. These statements are not meant as a refutation of 
Professor Yang’s last paragraph, but rather as an underscoring 
of it. Let us hope the mathematicians will heed this clarion call 
and join us for, surely, they cannot lick us, 
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Effect of Aspect Ratio and Tube Orientation 
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on Free Convection Heat Transfer to Water 
and Mercury in Enclosed Circular Tubes 


Free convection heat transfer to water and to mercury in a circular tube closed at the 
bottom end, open to a cooled reservoir at the top, and heated through the wall with a 


uniform heat flux, has been investigated with emphasis on the effect of length-to-radius 
ratio and tube inclination. Dimensionless wall and fluid temperatures are presented 
for several tube inclinations over a range of imposed dimensionless heat fluxes to a tube 
of length-to-radius ratio 14.6; these results are compared to earlier measurements in 
a tube of length-to-radius ratio 21.0. 

Over the range of the investigation the flow was apparently in fully mixed turbulent 
motion, as evidenced by the large fluid temperature fluctuations recorded during the 
tests. Inclination of the tube was found to result in a considerable decrease in tempera- 
ture fluctuations and a corresponding increase in heat transfer above that observed with 


the tube axis vertical. 


Introduction 


* stupy of free convection in enclosed spaces has 
been prompted by present day interest in the fields of nuclear 
power and gas turbines. Application in the nuclear reactor 
might be the emergency removal of heat, in the event of pump 
breakdown. Also, a knowledge of heat transfer in this geometry 
is necessary for consideration of transient cooling of large struc- 
tural parts when analyzing thermal stresses. In addition, the 
possibility of internal cooling of gas turbine blades has been of 
considerable interest for quite some time due to the increased 
efficiency possible if only hotter gases could be used than are 
presently tolerated by uncooled blades. A convective fluid con- 
tained in radial holes in the turbine blades leading to a heat sink 
in the hub would cool the blades due to the circulation of the 
fluid brought on by density differences in the fluid under the in- 
fluence of the centripetal acceleration of the rotating system. 

Free convection heat transfer to a variety of fluids in enclosed 
tubes (commonly called thermosyphon tubes) has been investi- 


1 Publication from Heat Transfer Laboratory, University of 
Minnesota. 

Contributed by the Heat Transfer Division and presented at the 
Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of Tue 
American Socrery or Mecnanicat Enoineers. Manuscript 
received at ASME Headquarters, March 3, 1960. Paper No. 60— 
SA-21. 


gated at length by a number of authors. Most of these analytical 
and experimental investigations pertain to a uniform wall tem- 
perature condition. Martin and his co-workers [1, 2]* have pre- 
sented results for fluids of widely varying Prandtl numbers (air, 
water, glycerine), tested in tubes of length-to-radius ratio ranging 
from 7.5 to 47.5. At moderate values of the Rayleigh number, 
these results showed reasonable agreement with the approximate 
analysis of Lighthill [3] for laminar flow which predicted “simi- 
larity,” “nonsimilarity,” and laminar boundary-layer regimes. 
For high values of the Rayleigh numbers, Martin reported tur- 
bulent results which showed that fluids of high Prandtl number 
yielded dimensionless heat transfer superior to fluids of Prandtl 
number near unity. 

Hartnett and Welsh studied the free convection to water in an 
enclosed tube with a constant wall heat flux boundary condition 
[4] and found good agreement with the constant wall temperature 
results of Martin. This constant heat flux investigation was 
extended to the use of mercury as a working fluid and included 
the influence of inclining the tube from the vertical. A signifi- 
cant increase in heat-transfer performance was reported when the 
tube containing mercury was inclined 30 deg from the vertical 
[5]. 

Martin and Cresswell [6] also have recently reported results 
for water and ethylene glycol in an inclined tube. The perform- 
ance with water (Prandtl number of 2 to 10) as the convective 


2? Numbers in brackets designate References at end of paper. 


p*Bcg thermal conductivity of fluid, 
Btu/hr ft deg F 
1 = thermal conductivity of wall 
tube length, ft 
ft? deg F 
deg heat flux density, Btu/hr ft? 
tube radius, ft 


= fluid property grouping, 
ky 


specific heat of fluid, Btu/lb deg F 


ft 
417 X 10° —— = gravitational wall thickness 


hr 


constant 
heat-transfer coefficient, 
Btu/hr ft? deg F 
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8 = volumetric thermal expansion co- 
efficient of fluid, 1/deg F 
= tube inclination angle 
= density of fluid, Ib/ft* 
viscosity of fluid, lb/ft hr 
hr/k = Nusselt number 


local wall temperature, deg F cu/k = Prandtl number 
local fluid temperature 


= (t — t*)ar* cos 6 = Rayleigh 


= center-line fluid temperature enter- number 
ing mouth of tube = a(r‘g cos 0)/k = Rayleigh-Nus- 
distance from bottom, ft 


selt product 
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fluid was reported to increase with inclination of the tube, while 
that using the high Prandtl! number fluid, ethylene glycol (Pr = 
15 to 250), decreased as the tube was inclined. 

It was the major goal of the present research to determine in 
detail the quantitative effect of the angle of inclination and the 
length-to-radius ratio of the tube on heat transfer for a constant 
wall heat flux boundary condition and to compare these results 
for two fluids of widely differing Prandtl number, water and 
mercury 


Apparatus 


The mild steel tube shown in Fig. 1 constructed for the first 
phase of the free convection program was 21'/, in. long, 2.000 in. 
ID, and 2.500 in. OD. The tube was machined to tolerances of 
+0.002 in. for the diameter dimensions and +0.005 in. for con- 
centricity of diameters. A reservoir of 6-in. depth and 6-in. 
diameter was welded to the upper end of the tube and a '/rin. 
thick plug was inserted in the lower end of this tube. This base 
plug fitted into the bottom of the tube to a distance of '/, in. 
thereby making the inside length of the tube 21 in. (from the 
upper side of the base plug to the bottom level of the reservoir 
base plate). A heat sink was provided in the reservoir in the 
form of a helically bent stainless-steel cooling coil. Circulation of 
cooling water through this tube allowed the control of temperature 
level at which the system came to steady state. 

At twelve axial positions along the tube, longitudinal slots of 
'/-in. width, '/,-in. depth, and 1-in. length were milled into the 
outer surface of the tube wall, allowing the installation of thermo- 
couples. As a result, leads from the thermocouples pass away 
from the junctions through a moderate temperature gradient, 
thus minimizing conduction errors. Mild steel plugs of identical 
dimensions were inserted over the thermocouple installations to 
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maintain uniformity of the wall. Nichrome heating wire in 
fiberglass insulation was then tightly wound about the outside of 
the tube. Six heater sections covered equal lengths of the 21- 
in. test section. Four longitudinal segments of molded 85 per 
cent magnesia insulation, l-in. thick, were applied over the 
heaters with the heater and thermocouple leads passing out 
radially between the segments. 

The thermocouple probe utilized to measure fluid temperatures 
in the tube consisted of three 30-gage iron-constantan steel- 
sheathed thermocouple leads incased in a 0.215-in. OD stainless- 
steel tube as shown in Fig. 1. One thermocouple junction of this 
probe was located at the tube center line while the other two 
were located at radii of 0.45 and 0.90 in., to allow measurement 
of the radial temperature distribution. Sealing of the thermo- 
couple junctions and tube was accomplished with porcelain 
cement. The probe was adjusted axially by moving a cross 
member along two upright rods located atop the reservoir. 

The tube and reservoir were placed in an insulating box filled 
with rockwool insulation, Fig. 2. Thermotouples were installed 
in the base plug and a guard heater was positioned beneath the 
plug. By careful monitoring of the plug temperature distribu- 
tion, the appropriate guard heater input was maintained to insure 
an adiabatic boundary condition along the base of the tube. 

In the mereury program, the reservoir was sealed to allow 
evacuation of the space above the mercurysurface. After evacua- 
tion, the space was filled with helium and maintained at a pres- 
sure of about one psig with a permanent connection to a pressure 
regulator and helium tank to prevent oxidation of the mercury. 
The smal! leakage of helium and mercury vapor from the reservoir 
lid and the teflon sliding probe seal was trapped in a sheet metal 
housing from which hoses lead to a blower exhausting outside the 
building. Removal of the reservoir lid after high temperature 
runs revealed no oxidation of the mercury surface. 

Individual power inputs to the heaters were controlled by 
variable autotransformers. A calibrated wattmeter measured 
the input power to each heater when plugged into the respective 
wattmeter connection switch. A calibrated Leeds and Northrop 
Speedomax Recorder was used to record the thermocouple emfs. 
Samples of both the wall and probe thermocouples were cali- 
brated for the temperature range anticipated. 


1 
2 
3 
“4 
§ Convective fluid level 
6 Cooling coil, approximately 13 feet of 
1/-in. stainless steel tubing 
7 Reservoir, steel, 6-in. ID by 6 in. deep 
8 Probe tube, stainless steel 
9 Spacers (3) 120 degrees apart 
10 Probe thermocouples (3), 
sheathed iron constontan 
1 Tube, steel, 21 or 14.6 in. long 
insulation, 85 per cent magnesia, 1-in. 
thick 


steel 


Bottom plug, steel 

14 Gvuard-heater holder, transite 

15 Guord-heater 

16 Wall thermocouple plug, steel 

17 Wall heaters, 0.040-in. Nichrome wire 
in fiberglass sleeve 

18 Convective fluid 

19 Wall thermocouple junction 

20 lron-constantan thermocouple lead in 
fiberglass insulation 

21 Steel fittings 

22 Sliding probe seal, teflon 

23 Thermocouple junctions, ot center line 

and radii of 0.45 and 0.90 in. 
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For the runs in the tube of length-to-radius ratio equal to 14.6, 
the tube was simply shortened and replugged. This, of course, 
eliminated a few of the lower wal! thermocouples and the bottom 
two heaters. The probe arrangement for the shortened tube 
was the same as above, but the probe tube diameter was 0.110-in. 
OD and only a center line thermocouple was used. 


Procedure 


Before the 2.000-in-diameter tube was installed in the free 
convection system as described in the Apparatus Section, it was 
fully instrumented and subjected to a forced convection test 
using water as the working fluid to validate the test procedure. 
The results, as reported in Ref. [4], covered a range of 
Reynolds numbers from 79,000 to 348,000 and agreed within 10 
per cent, except for three points (which were within 20 per cent), 
with the conventional turbulent relationship of Nusselt number 
as a function of the Reynolds and Prandtl numbers. 

After completion of this check-out program and assembly of 
the test section as shown in Fig. 1, the water tests were initiated. 
When the water tests in the 21.0-in. test section were completed, 
the tube was completely drained and cleaned in preparation for 
the mercury tests. 

Throughout the tests in the 21.0-in. and 14.6-in. test sections, 
uniform wall heat fluxes were supplied by the heaters, and cooling 
was accomplished by means of a steady flow of water through the 
cooling coil in the reservoir. After approximately six hours of 
steady operation, the system was found to be at steady state 
(actually quasi-steady state, since a true steady state was never 
attained) allowing readings of the thermocouples to be taken for 
the run. Because of the fluctuating flow in the tube, steady 
thermocouple readings were never obtained, and all wall and 
fluid temperature readings were time-averaged values. 


Experimental Results 


The product of this paper is mainly the wall and fluid tempera- 
tures occurring throughout the test section as a function of the 
imposed heat input and the entering fluid temperature ¢*. (It 
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is assumed that ¢* will be known; if this is not the case, Ref. 
[3] gives a method for estimating it for some geometries.) This 
relationship has been investigated for both mercury (Pr = 0.014 
to 0.024) and water (Pr = 2 to 8) in two tubes of different length- 
to-radius ratios, with the tube in both the vertical and in inclined 
positions. 

The temperatures will be presented in dimensionless form as 
Rayleigh numbers® defined as: 


Ra = (i — t*) acos6@r? 


The dimensionless heat input is shown as the product of the 
Rayleigh and Nusselt numbers: 


RaNu = 


Fluid properties used to form these parameters were evaluated 
at the temperature of the fluid entering the tube from the reser- 
voir 

The term, cos 0, appears in the above groups since an inspection 
of the governing differential equations reveals that it is the axial 
component of the gravitational acceleration (see Fig. 2) which 
enters these dimensionless parameters 


A. Water 
1. Length-to-Radius Ratio of 14.6 


a. local Wall Temperature. Rayleigh numbers were calculated 
from temperatures indicated by each of two sets of four thermo- 
couples located along the wall of the 14.6-in. test section. One 
set is located along the upper edge of the test section, the other 
along the lower edge, Fig. 2. Thermocouple temperatures for 
typical water and mercury runs are shown in Fig. 3. When 


*The Rayleigh number will be recognized as the product of the 
Grashof and Prandtl numbers; the dimensionless temperatures can 
be represented by either the Rayleigh or the Grashof numbers, the 
choice being arbitrary. 
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forming Rayleigh numbers, these temperatures were, of course, 
first corrected for temperature drop through the wall assuming 
simple radial heat flow.‘ Rayleigh numbers thus obtained for 
several of the runs taken with each of the inclinations 0, 5, 10, 
20, and 45 degrees are plotted in Figs. 4(a and b) as a function 
of the dimensionless heat input RaNu, for four different positions 
along the tube. Upon examining this presentation, the large 
initial effect of tilting the apparatus is evident, maximum wall 
temperature values along the tube for fixed RaNu, in each case 
being reduced about 30 per cent by inclining only 5 deg. 

Also illustrated by these figures is the fact that the tempera- 
tures along the upper edge exceed those along the lower edge when 
the tube is inclined and that the difference increases with in- 
creasing inclination over the range of angles studied. This sug- 
gests that the upward and downward moving fluid streams are 
separated, such that the upward moving heated fluid is concen- 
trated along the upper edge allowing the entering cooler stream 
to flow downward close to the lower edge. 

b. Fluid Temperature. Temperatures measured with the thermo- 
couple probe along the center line of the tube are reported for 
vertical runs in Fig. 5. The L/r = 21.0 data also shown in this 
figure will be discussed in a later section. The dimensionless 
presentation used here is Ra, versus RaNu which essentially gives 
the fluid temperature as a function of the wall heat flux for four 
separate axial positions. Several points also appear in this 
figure which represent fluid temperatures in the tube tilted at 30 
deg. It is seen that these points lie an order of magnitude 
below those of the vertical runs. Because of these much smaller 
temperature differences, of the order of two degrees, scatter 
becomes too great to allow further meaningful presentation. 
However, these relatively low fluid temperatures do give further 
evidence of the increased heat-transfer performance to be ob- 
tained by tilting the tube from the vertical position; apparently 
such tilting results in an increased circulation of the fluid, thereby 
accounting for a decrease in the fluid temperature when com- 
pared at a fixed heat input with the vertical geometry. 

As was noticed with the wall temperatures, the temperature 
field in the fluid is characterized by the generally unstable con- 
dition of decreasing temperature in the upward direction. This 
places the more dense fluid above that of lower density, which 
thereby brings about the motion occurring in the tube. This 
motion was not a steady flow but rather a random one as sug- 
gested by the time-temperature records measured in the fluid, 
Ref. [5]. 


2. Length-to-Radius Ratio of 21.0 


The runs taken with water at this length-radius ratio were 
entirely accomplished with the tube in a vertical position. The 
wall temperatures of these runs are compared to the vertical 
tests in the 14.6-in. tube in Fig. 6 (the mercury data are also 
shown and will be discussed below). It can be seen that the 
performance is changed considerably by a change in length-to- 
radius ratio; dimensionless wall temperatures observed in the 
long tube reach values about 75 per cent higher than in the shorter 
tube at a given RaNu value. 

Fluid temperatures measured in the longer tube are presented 
in Fig. 5 allowing a direct comparison with the short tube results. 
It can be seen from this figure that the fluid temperature in this 
longer test section reaches a much higher value than that in the 
shorter one when compared at a fixed value of wall heat flux. 


‘It is recognized that there exists temperature gradients in the 
wall which are not purely radial, particularly for the inclined tube 
runs. Rigorously this means that the conductance of the tube wall 
enters into the performance; indeed an additional dimensionless 
parameter, k.Ar,/kr, characterizes this effect. Its value was ap- 


proximately constant at 17 for the water and 1.1 for the mercury 
tests. 
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Length-to-Radius Ratio of 14.6 

a. Local Wall Temperature. Inclined tube local results are re- 
ported for mercury in the 14.6-in. test section at angles of 0, 5, 10, 
20, 30, and 45 deg. The data obtained are plotted in Figs. 
7(a and b) in the same fashion as the water tests already de- 
scribed. 

As with the water results, a consistent decrease in wall tem- 
peratures along both the upper and lower edges accompanies the 
increasing angles of inclination. In the mercury tests, however, 
the effect starts more gradually than with water, and the heat- 
transfer performance increased approximately in a linear fashion 
with tube inclination throughout the angles tested. This is in 
contrast to the water results which demonstrated a large increase 
in heat transfer when the tube was inclined 5 deg from the 
vertical position; on further tilting, the performance continued 
to increase but not nearly as rapidly. 

It has been noted in the mercury results that dimensionless local 
wall temperatures along the lower edge go to zero below the 
reservoir. This fact can be observed in Fig. 3 where a curve 
passing through points plotted for lower edge thermocouples 
would go below ¢*. This low temperature observed at the lower 
edge of the tube mouth occurs because the cool fluid enters the 
tube at a temperature below ?*. 

b. Fluid Temperature. ‘Temperatures measured along the center 
line of the test section for these runs form profiles like the one 
shown in Fig. 3. From this figure it is evident that a much 
steeper fluid temperature gradient in the axial direction occurs 
with mercury than was the case with water. The dimensionless 
fluid temperatures measured along the tube center line, during 
runs with the tube vertical and inclined 30 deg, are presented 
in Fig. 8. The family of curves formed for each of the orienta- 
tions appears quite similar. The magnitudes of these dimension- 
less temperatures, however, are seen to decrease by 75 per cent 
when the tube is tilted from 0 to 30 deg. 

2. Length-to-Radius Ratio of 21.0 

The data presented for mercury in this tube include runs 
taken with the tube vertical and inclined 30 deg. 

a. local Wall Temperature. Dimensionless wall temperatures are 
plotted in Fig. 9. Upon close examination of these curves, one 
can observe an effect like that of the L/r = 14.6 tube; for a given 
dimensionless heat flux (i.e., RaNu), the dimensionless wall tem- 
perature (i.e., Ra) is decreased about 50 per cent when the tube 
is tilted from 0 to 30 deg. 
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b. Fluid Temperature. For the 21-in. tube at both angles, dimen- 
sionless fluid temperatures are shown in Fig. 10. For compari- 
son, the results for the shorter tube are also included showing 
dimensionless temperatures, Ra,, about half those of the L/r 
= 21.0 tube. 

The data obtained with the probe, bearing three thermocouples 
at different radii, in the 2l-in. test section inclined 30 deg, 
provide a qualitative measure of the radial temperature variation. 
Due to the fluctuations no actual radial profile could be con- 
structed but some information was evident. The temperature 
close to the lower edge was decidedly lower than that found along 
the center line, or along the upper edge higher at any given 
axial position. This was also observed up into the reservoir 
suggesting that the temperature of the entering fluid was below 
the ¢* value by several degrees. 

3. Comporison With Water 

A summary of the dimensionless wall temperatures versus the 

dimensionless heat fluxes for the tube in the vertical position is 
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shown in Fig. 6, which includes both water and mercury re- 
sults. These curves show that the higher Prandtl number 
liquid, water, is characterized by higher dimensionless heat 
transfer than mercury; that is, when compared at a given 
wall temperature (i.e., Rayleigh number), higher heat fluxes 
(i.e, RaNu values) are found for water than for mercury. 

The behavior of the fluid temperatures in water and mercury 
differ as has been pointed out in Ref. [5], with the temperature 
fluctuations being much greater with mercury as the working 
fluid. Also, the fluid temperature profiles shown in Fig. 3 for 
mercury and water runs at comparable heat inputs are of dif- 
ferent shape. In each case, mercury temperatures were observed 
to increase toward the bottom, maintaining a value several 
degrees below that of the wall at each position. In the water, 
however, the temperature was nearly constant increasing only 
slightly in the downward direction. For high heat inputs with 
mercury, in the vertical L/r = 14.6 tube, the fluid temperatures 
t, reached values of about 200 deg F above the entrance 
temperature {*; however, only about one tenth of this value 
occurred in water at equivalent heat inputs. 

Tilting the tube 30 deg caused a marked decrease in center 
line fluid temperatures in water, as shown in Fig. 5, which was 
relatively much greater than the decrease observed in mercury, 
shown in Fig. 8. It is suggested that an improved circulation is 
responsible for an increased effective flow rate of convective 
fluid in and out of the tube. An increased flow would account 
for the lower fluid temperatures observed in the inclined tube. 
The quantitative difference in this effect, with the two fluids of 
unlike Prandtl number, is probably due to differing flow patterns. 
Such a difference in flow patterns may occur since the important 
parameter RaNu was generally an order of magnitude higher 
for the water runs than for the mercury. It would be of con- 
siderable value to extend the liquid metal investigation to high 
values of this number to substantiate (or negate) the explanation 
advanced. 
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C. Comparison With Other Investigations 


A comparison of the present uniform wall heat flux results 
with the constant wall temperature predictions and experiments 
is most readily accomplished by using the co-ordinates generally 
adopted for the constant wall temperature boundary conditions, 
namely, Nu versus Ra. Insufficient information makes it im- 
possible to transform the other investigations to the present 
Ra versus RaNu presentation. To obtain the required mean 
Nusselt values Nu and mean Rayleigh number Ra from the 
present results, the measured wall temperatures were averaged 
according to the following rule: 


L 
fiw 


L 
The results are shown in Fig. 11. Also shown in this figure 
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are the constant wall temperature predictions of Lighthill for 
Pr = 1.0 for two length-to-radius ratio tubes. Lighthill predicted 
a turbulent nonsimilarity regime followed by a turbulent bound- 
ary layer regime, having a tenfold increase in heat transfer, 
as Ra is increased past a critical value governed by the length-to- 
radius ratio. Nusselt numbers predicted by Lighthill lie above 
those observed experimentally by Martin [1]. Although Light- 
hill predicts that the heat transfer is independent of L/r in the 
Rayleigh number range of this investigation, the present data and 
those reported by Martin give strong evidence that the length-to- 
radius ratio does have considerable influence on the heat-transfer 
performance. A decrease in length-to-radius ratio from 22.5 
to 15.0 results in approximately 100 per cent increase in the 
Nusselt numbers. The constant heat flux results of this investi- 
gation for water are in good agreement with the constant wall 
temperature water data of Martin. 

Average results for the vertical tube mercury runs are also 
shown in Fig. 11. The resulting mean Nusselt values for the 
mercury (Pr = 0.012 to 0.025) are an order of magnitude lower 
than those for the water (Pr = 2 to 10) when compared at 
constant Rayleigh number. The effect of tube length-to-radius 
ratio is seen to be comparable to that found for water, with an 
increase in heat-transfer performance accompanying a decrease 
in length-to-radius ratio. 
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A Note on the “Implicit” Method for Finite-Difference 
Heat-Transfer Calculations 


G. M. DUSINBERRE' 


THE APPARENT advantage of the implicit method lies in the 
possibility of using relatively large time intervals. But this may 
be accompanied by (1) considerable sacrifice in accuracy and (2) 
no corresponding saving in digital computer time. 


Nomenciature 
C = heat capacity of a node 
K = conductance of a heat-flow path 
t = temperature at beginning of a time interval 
t’ = temperature at end of a time interval 
Ar = finite time interval 
In the “explicit’’ application of finite differences to heat- 


transfer problems, one uses the typical equations 


Kinlti — ta) + Kinlty — tr--- = Cults’ — ty)/At (1) 


Thus one calculates each future temperature explicitly as a 
function of a number of present temperatures. The calculation 
is stable if, for each node, n: 


Ar s C,/=K, (2) 
In the implicit application one writes: 
= + K jal t;’ t,’}--- = t,)/Ar (3) 


Thus each future temperature is a function of one present 
temperature and a number of future temperatures. All equations 
must be solved simultaneously, but the calculations are stable 
for all values of Ar. 

This method was advocated by Liebmann* and apparently 
has attained some popularity.* In a practical case, the tem- 
perature history may often be adequately described in terms of a 
Ar larger than that imposed by equation (2). And, other things 
equal, the number of calculations for a given period of time will 
be inversely as Ar. 

The important question is whether the “‘other things’ are really 
equal, first in respect to accuracy and second in respect to total 
operating time required on a digital computer. 

As an example, let us consider the case of a long cylinder 
initially at 1000 deg with the surface suddenly cooled to 0 deg. 
This is a one-dimensional case for which there is an analytical 


‘Department of Mechanical Engineering, The Pennsylvania 
State University, University Park, Pa. Fellow ASME. 
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solution. Using four subdivisions of the radius the author‘ 
obtained a numerical solution with Ar equal to */s; of the maxi- 
mum value allowed by equation (2). The results, for the center- 
line temperature, are compared with the analytical solution in 
Table 1. Thus if we are concerned only about errors much over 
one per cent, this solution may be taken as a standard. 


Table | 
Per cent 

Explicit Analytical error 
0 1000 1000 0 
1 1000 1000 0 
2 1000 1000 0 
3 1000 997 0.3 
4 993 987 0.6 
5 977 965 1.2 
6 O44 933 1.1 
7 904 - 893 1.1 
8 857 S48 0.9 
9 808 801 0.7 
10 760 754 0.6 
11 712 707 0.5 
12 665 662 0.3 
13 621 618 0.3 


Let us note that an explicit solution of a one-dimensional 
problem with m nodes requires about 3m multiplications and m 
additions per time step. A three-dimensional problem would 


require about 7m multiplications. Thus the number of operations 
runs as the first power of the number of nodes. 

For an implicit solution, in oider to make a significant dif- 
ference in the size of Ar, this was chosen as four times the limiting 
value from equation (2), or five times the value used in the explicit 
solution. It may be noted that Liebmann, when he wished to 
demonstrate accuracy for the implicit method, used a Ar less 
than the limiting value for an explicit solution. 

The general disadvantage of the implicit method is that the 
equations must be solved simultaneously. But in the present 
one-dimensional case, successive elimination gives a remarkably 
simple set of equations: 


ts’ = 0.450 t,’ + 0.004 & + 0.036 4, + 0.125 & + 0.3854 (4) 
t,’ = 0.487 t;’ + 0.011 & + 0.112 4, + 0.3904 (5) 

t,’ = 0.577 th’ + 0.038 4, + 0.385 4 (6) 

fo’ = 0.800 4,’ + 0.200 ty (7) 


(The subscript 0 refers to the axis, 4 to the outer surface, etc.) 

Thus, only a few more calculations are required to compute 
five time steps than were required to compute a single time step 
explicitly! 

But is to be noted that the number of calculations now runs as 
the second power of the number of nodes, so that this advantage 
will be lost as the number of nodes increases. This number is 
imposed by other aspects of the problem (for example, by the need 
to make stress calculations) and will not depend on the method of 
solution used. 


‘G. M. Dusinberre, ‘‘Numerical Analysis of Heat Flow,” 
McGraw-Hill Book Company, Inc., New York, N. Y., 1949. 
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Table 2 
Per cent 
Point Explicit Implicit discrepancy 
0 899 — 7.8 
74 — 8.9 
781 + 0.2 
550 +10. 
743 
704 
579 
345 
586 
546 
428 
236 


Whe 


+4+4+444+ 


It is also to be noted that if an iterative method is chosen for 
the solution of the simultaneous equations, the number of 
calculations must be multiplied by an uncertain number of itera- 
tions (on the order of m), not to mention the computer instruc- 
tions required for cycling and testing. 

It remains to examine the accuracy of the results in our ex- 
ample problem. In Table 2 the two solutions are compared at 
corresponding times. It is seen that the discrepancies are far 
from negligible. 

Thus the purported advantages of the implicit method may be 
illusory in respect to computation time and, what is worse, in 
respect to accuracy. 


The Influence of Prandtl Number on the Heat Transfer 
From Rotating Nonisothermal Disks and Cones 


J. P. HARTNETT’ ano E. C. DELAND’ 


Nomenclature 


= constant defined in equation (5) 
specific heat at constant pressure 
dimensionless radial velocity defined, equation (3) 
dimensionless axial velocity defined, equation (3) 
= local heat-transfer coefficient for rotating disk or cone, 
q-/( T. 
= thermal conductivity of the fluid 
= exponent in the assumed power function wall tempera- 
ture distribution, equation (5) 
local Nusselt number for rotating disk or cone, (h,/k)(v/w 
sin a)'/? 
= Prandtl number of the fluid, uc,/k 
local heat transfer from rotating disk or cone per unit 
area per unit time 
= distance from center of disk or cone, Fig. 1 
temperature 
velocity parallel to the surface of the disk or cone 
velocity normal to the surface of the disk or cone 
distance normal to surface of the disk or cone 
rotational speed of disk or cone 
dynamic viscosity of the fluid 
kinematic viscosity of the fluid 
fluid density 
dimensionless temperature, equation (4) 
= dimensionless distance from disk or cone, equation (2) 


> 
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Introduction 


Tue heat-transfer performance of a disk rotating in a quiescent 
fluid of large extent has been treated in two recent technical 
notes [1, 2]. In reference [1] laminar heat-transfer results are 
reported for an isothermal disk rotating in a fluid of any Prandtl 
number, thereby lifting the restriction imposed on the earlier 
work of Millsaps and Pohlhausen [3] who treated only a limited 
range of the Prandtl] modulus. In reference [2], the heat-transfer 
performance of a nonisothermal disk rotating in a fluid with a 
Prandtl number of 0.72 was given for the case where the disk sur- 
face varied as a power function of the radius [i.e., (7, — T.) 
= Ar™] for values of m from 0 to 10. 

More recently, Tien [4] pointed out that these solutions are im- 
mediately applicable to the rotating cone. To obtain the heat- 
transfer coefficient for the cone it is only necessary to read off the 
values for the rotating disks from references [1 to 3) and multiply 
by (sin a)'/? where @ is the half angle of the cone, Fig. 1. 

In the present note, additional solutions of the energy equation 
are reported for the rotating nonisothermal disk or cone with 
power function surface temperature distribution covering a range 
of Prandt! number from 0.1 to 100, and values of the exponent m 
from 0 to 10. 


Analysis 


The energy equation for the rotating cone or disk takes the 
following form when the usual boundary-layer approximations 
are used: 


(1) 


This partial differential equation can be simplified into an ordi- 
nary differential equation if the following substitutions are intro- 
duced: 


= 2(w sin a/y)'/* (2) 
u = (wr sin a)F(); w = (ww sin a)'*H(n) (3) 


’ Numbers in brackets designate References at end of paper. 
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Fig. 1 Boundary-layer temperature profiles on a rotating disk or cone 
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Fig. 2 Boundary-layer temperature profiles on a rotating disk or cone 
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(4) 


The inclusion of the term (sin a) in equations (2) and (3) brings 
the transformed momentum equations for the cone into identi- 
cally the same form as for the disk, allowing a direct use of the 
functions F and H already available in the literature [5, 6]. Al- 
though @ is a function of 7 only, the wall temperature is allowed 
to vary in the following manner: 

T.-T. = Ar (5) 
The resulting energy equation for the nonisothermal rotating disk 
or cone becomes: 


1 
mF@ + H s an (6) 
Boundary conditions: 
at 7 =0 
(7) 


6=0 at 


Solutions of this equation have been accomplished for Prandtl 
numbers of 0.1, 0.72, 1.0, 10, and 100. 


Results 


The temperature profiles are shown in Figs. 1 and 2 and reveal 
the rapid increase of the thermal boundary-layer thickness with 
decreasing Prandt| number when compared at a fixed value of the 
temperature distribution exponent m. At constant Prandtl num- 
ber, increasing the exponent m results in a thinner thermal 
boundary layer. We would therefore expect an increased heat 
transfer as we increase either m or the Prandtl number, keeping 
other conditions fixed. To obtain a quantitative measure of the 
heat transfer, the local heat-transfer coefficient h, is introduced: 


(8) 


NUMBER 


} + 2a = 
| 
G Te = Ar™ | 
0 j ! 10 100 


PRANDTL NUMBER, Pr 


Fig. 3 Nusselt number for nonisothermal disk or cone versus Prandti 
number of the surrounding fluid 


Table 1 

m 

| Pr— 0.1 0.72 1.0 10 100 
0 0.0766 0.330 0.396 1.13 2.69 
l 0.110 0.437 0.518 1.41 3.28 
2 0.141 0.524 0.616 1.62 3.71 
4 0.197 0.661 0.769 1.95 4.46 
10 0.330 0.935 1.073 2.60 5.95 
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where gq, is the heat flow per unit area and is determined from the 
temperature gradient at the surface; therefore: 


These results are most conveniently reported as local Nusselt 
numbers which are simply the slope of the dimensionless tem- 
perature distributions evaluated at the solid surface; that is: 


vy \'* 
k \wsina dn 


These Nusselt values are shown graphically in Fig. 3 and tabu- 
lated below in Table 1. 

It is clear that substantial changes in the Nusselt number occur 
when the disk or cone departs appreciably from nonisothermal 
conditions. In Fig. 3, the result obtained from equation (6) for a 
Prandtl value of 0.01 is shown for m = 1 as a dotted line to indi- 
cate an uncertainty in the validity of this solution. This urcer- 
tainty arises from the neglect of the radial conduction term which 
begins to play a significant role at low Prandtl numbers when the 
surface temperature is variable, particularly for large values of m. 
If the radial conduction term is retained, it is not possible to ob- 
tain an ordinary differential equation for the temperature dis- 
tribution and the solution is correspondingly more difficult. 
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A Fully Integrated Solution of the Problem of Laminar or 
Turbulent Flow in a Tube With Arbitrary Wall Heat Flux 


R. N. NOYES! 
Introduction 


IN REFERENCE [1]? a closed form solution is presented for the 
case of fully developed laminar flow in a tube with constant heat 
flux. The authors of reference [1] show how the constant 
heat-flux solution may be extended to the case of arbitrary heat- 
flux variation. In reference |2] a counterpart similar to that 
derived in reference [1] is given for turbulent flow. 

In either of the above two references, the extensions of the 
constant heat-flux solutions to arbitrary heat-flux variation in- 
volve the evaluation of integrals for the particular heat-flux dis- 
tribution of concern. It is the purpose of this report to derive an 
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integrated closed form solution for the variation of the heat- 
transfer coefficient for the case of fully developed laminar flow in 
a tube with an arbitrary analytical heat-flux distribution along 
the length of the tube. From reference [2] and the results re- 
ported herein, the case of turbulent flow with arbitrary heat flux 
may also be treated. 


Method of Analysis 


In reference [1] the variation of wall temperature 7, in laminar 
flow with axial distance z through a tube with arbitrary heat flux 
q” is shown to be given by 


1 4 
k E 


Bn? (2-t 


n=l 


where Re and Pr are the Reynolds and Prandtl numbers, a is the 
tube radius, k is the thermal conductivity, and C,, 6,, and R,, 
are constants, eigenvalues, and eigenfunctions, respectively. 
Equation (1) may be written in the form 


where 6, = k(T, — T;)/q"avg@, G2 = Re Pr/(L/D), X, = —C, 
8,2 R, (1), 2 = z/L, and f (2) is the ratio of local to average 
heat flux. 


From the above definitions the dimensionless bulk temperature 
is given by 


6, = HE (3) 


Since the Nusselt number Nu is given by 


then from equations (2), (3), and (4), it follows that 


n=1 


In order to evaluate the integral in equation (5), the heat-flux 
distribution in the range 0 < z < L is assumed to be an ana- 
lytical normalized function, and hence may be expanded in a 
Maclaurin series as 


m 
= bo + + +... + 5,2" = (6) 
ave 


where m may have any value between zero and infinity. When 
m = 0, bo = 1 which corresponds to the case of constant heat 
flux. 

By substituting into equation (5) the series expansion of f(2) 
as given by equation (6), the integral in the denominator term 
D(®) may be evaluated term-by-term. The results may be 
suitably collected so that equation (5) will eventually take the 
form 


Nu = - (7) 


—Kat 


where: 
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= 


— jF,(%) 1 i, 


when m = 0, f(2) = bo = 1, and equation (7) reduces to equation 
(10) of reference [1]; namely 


(from reference [1]) 


Nu = (8) 


Discussion of Results 


As examples of the results obtained by the use of equation (7), 
two cases were considered. In case I the following arbitrary 
variation of heat flux with distance was assumed. 


= = 0.885 — 0.1278 + 2.987%? — 3.269%* (9) 


ave” 


In Fig. 1 the variation of f(%) according to equation (9) is 
shown by the dash line. Using the values of bo, b:, b2, and b; from 
equation (9), equation (7) was evaluated for various values of 
Graetz number Gz. These results are shown by the family of 
solid curves in Fig. 1. From Fig. 1, it is seen that as Gz + 0, Nu 
— 436+ = 48/11. This becomes apparent when it is realized 
that as Gz — 0, F(%) — 0 and that in equation (7) the exponen- 
tial term approaches zero. Thus in equation (7) the summation 
term over n disappears. 

In case II, equation (7) was used to compute the Nu variation 


4 12 
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with f when f(2) was assumed to be a cubic approximation to the 
heat-flux variation that would be required in the constant-wall 
temperature solution. Fig. 2 shows the results of this calculation 
for a Graetz number of 20. In Fig. 2 there are two sets of curves, 
each set being composed of a solid cu: ve and a dash curve. One 
set illustrates Nu variation (ordinate scale on left), and the other 
set depicts heat-flux variation (ordinate scale on right). The 
dash lines portray the results of the cubic approximation and the 
solid lines indicate the exact constant-wall temperature solution. 
Except at low f values, exact and approximate Nu values are in as 
good agreement as the exact and approximate f(2) values. 
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The Leveque Solution With a Finite Wall Resistance’ 
EDWARD M. ROSEN’ ano EDWARD J. SCOTT® 


Nomenclature 
= inside radius of tube, ft 

A, = inside area of tube, ft* 

c, = heat capacity of fluid, Btu/(lb,,)(deg F) 

outside radius of tube, ft 

local heat-transfer coefficient based on outside wall 
minus entrance temperature, Btu/(hr)(ft*)(deg F) 

k, k, = thermal conductivity of the fluid and wall, respectively, 
(Btu/(hr)( ft) deg F) 

an index 

local Nusselt number based on outside wall minus the 
entrance temperature, h,a/k, dimensionless 

Prandtl number, c,4/k, dimensionless 

heat flow at the wall, Btu/hr 

r = radial distance measured from center of tube, ft 

Reynolds number, aU,,,9/u, dimensionless 

t, = outside tube wall temperature, deg F 

t,, = local mean (or mixing-cup) temperature, deg F 

temperature at entrance, deg F 

t. = inside tube wall temperature, deg F 


= (tg — — t) 
Tne = (ty — to)/(tg — 
Usve = average fluid velocity in tube, ft/hr 
y = distance measured radially from tube wall, ft 
z = distance measured downstream from start of heat-trans- 
fer section, ft 
Z = 2/a 
Z* = RePr 
= gamma function 
2r(*/;) 
X = k,/k In (d/a) 


! Taken in part from a thesis submitted in partial fulfillment of 
the requirements for the PhD degree in Chemical Engineering, 
University of Illinois, 1959. 
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viscosity, )(ft)/(hr) 
dummy variables 
constant 3.14159265 
density lby /ft* 
summation 


= 
>= 


Introduction 


AN ANALYTICAL soLuTION for the rate 


of heat transfer 
between a fluid of constant physical properties flowing in a 
tube with a fully developed laminar velocity profile and with the 
wall of the tube held at a constant temperature was presented by 


Graetz [1]‘ in the form of an infinite series. Although Sellars, 
Tribus, and Klein [5] presented a solution for all the eigenvalues 
and eigenfunctions necessary for its evaluation, the series con- 
verges very slowly near the start of the heat-transfer section. 
As a result, the Leveque [2] flat plate solution which approxi- 
mates the exact solution very well in this region has been used. 

Schenk and Dumore [4] and Yih and Cermak [7] have ex- 
tended the Graetz solution to the case in which the outside wall 
of a tube with a finite wall resistance is held at a constant tem- 
perature. The inside wall temperature of the tube then varies 
with distance downstream. To evaluate the rate of heat transfer 
near the start of the heat-transfer section in this case it is con- 
venient to extend the Leveque solution. 


Analysis 


Fig. 1 defines the system. Near the start of the heat-transfer 
section the tube may be approximated by a flat plate. Tribus 
and Klein [6]5 have shown that the flux at a distance Z down- 
stream is given by* 


Go _ jRePr the 
A, al) 18 Sc 


By an energy balance through the tube wall 


Ge _ — ty) 


A; a \n(d/a) (2) 
Then equating equations (1) and (2) there results 


This equation may be solved by means of the Laplace trans- 


* Numbers in brackets designate References at end of paper. 

5 The Leveque expression given in Table 2 of reference [6] should 
be multiplied by 3. 

* All symbols are defined in the Nomenclature. 
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Fig. 1 Definition of co-ordinates and Nomenclature 
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Fig. 2 Tube wall temperature 


formation for the variation of t, with Z*. 


Details are given by 
Rosen [3]. The result is 


1 
1—T, 


™ 


n=1 


Substituting equation (4) into equation (1) and integrating 
term by term the flux becomes 


A; 


The local Nusselt number based on (tz — t) follows as 


‘ 


n=1 


14+ | (5) 


n=1 


The mean (or mixing-cup) temperature at any point downstream 
may be obtained using equation (5) in a total energy balance. 
Thus: 


Tn. = = [r+ 1) (7) 


n=1 


Heat-Transfer Results 


Series (4), (6), and (7) which converge for all values of 7 and Z* 
were evaluated on an IBM 704 digital computer using single pre- 
cision arithmetic (8 significant digits) until the series changed 
by no more than 0.00001. For large values of nZ*'/*, however, 
the terms become very large and many more digits must be 
carried to insure the desired accuracy. This fact set the limits on 
the values of Z* and X presented in Table 1 and Figs. 2, 3, and 4. 
Water (k = 0.355 Btu/hr ft deg F) flowing through a 0.863 in. 
ID, 0.984 in. OD “‘Pyrex”’ glass pipe (k, = 0.650 Btu/hr ft deg F) 
at a mean temperature of 70 deg F would have X = 13.8. The 
Leveque solution (\ tz t,) is given for comparison. 
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Condensation on a Rotating Cone 


E. M. SPARROW’ and J. P. HARTNETT’ 


Introduction 


Ir HAS ALREADY BEEN recognized that the centrifugal forces 
generated in a rotating system may be utilized to replace the 
gravity force in a condensation process. Rotating condensation 
systems appear potentially attractive for space vehicle applica- 
tions, where the force of gravity is essentially zero. In addition, 
rotating condensation also seems promising for earth-bound ap- 
plications where higher condensation rates are desired than are 
obtainable with gravity. 

The problem of laminar film condensation on a cooled rotating 
disk has already been studied both analytically [1, 2]? and ex- 
perimentally [3|. Reasonably good agreement was found be- 
tween measurement and analysis; but even more important, the 
experiments demonstrated that the use of centrifugal force fields 
in condensation is technically feasible. 

Another configuration where centrifugal fields may be con- 
veniently generated for use in a condensation process is the rotat- 
ing cone. In fact, condensation on a rotating cone has already 
been proposed [4] as part of a system for obtaining drinking 
water from saline water. It is the purpose of this brief report to 
make available heat-transfer results for condensation on a rotat- 
ing cone. 

The system considered for study is pictured schematically in 
Fig. 1. A cooled rotating cone is situated in a large quiescent body 
of pure vapor at its saturation temperature 7':. The surface 
temperature of the cone is uniform at a value T,, and 7, < T'sat. 
Consideration will be given to the situation where the condensate 
forms a laminar film over the cone. The co-ordinates for the 
analysis are shown schematically in the figure: z measures the dis- 
tance along the cone surface from the apex; y measures the 
distance normal to the surface; and ¢ gives the angular position. 
The opening angle of the cone is 2a. Under the action of the 
centrifugal field, the condensate is impelled along the disk, in the 
z-direction. 


Analysis 


The problem of flow and heat transfer about a rotating cone 
has been treated in references (5 and 6] for a single phase fluid. 
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sota, Minneapolis, Minn. E. M. Sparrow is Assoc. Mem. ASME and 
J. P. Hartnett is Mem. ASME. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tae AMERICAN 
Socrety or Mecnanicat EnGcIngers. Manuscript received at 
ASME Headquarters, July 11, 1960. 


Tsat. 


¢ 
ye 
| 


Fig. 1 Schematic of the physical system 
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It was shown there that for cones which were not too slender, the 
boundary-layer assumptions reduce the mass, momentum, and 
energy equations to the following form: 


mass: 
ov, 
— =0 1 
or + z t+ oy (1) 
z momentum: 
ov. 
V, V,— —- = — 
(2) 
¢ momentum: 
ov, oV 
oy v by? (3) 
energy: 
oT oT 
* Or dy oy? 


These equations are written for axisymmetric conditions, 3/d¢ 
= 0. The y momentum equation has not been included here since 
it serves only to determine the pressure distribution, but other- 
wise does not influence the heat-transfer calculation. To com- 
plete the statement of the problem, the boundary conditions 
which are imposed are: 


V,=0 V, =0 

V, = zw sina Ty: = 0 y=6 (5) 
V, =0 y=0 Ty = 0 (liquid-vapor 

(cone surface) 7’ = interface) 


where 7,, and r,, are shear stresses. The assumption of vanishing 
interfacial shear is recognized to be an approximation, the effects 
of which have been surveyed in reference [2]. For Prandtl num- 
bers above unity, the effect of the zero shear assumption leads to 
only small errors in the heat-transfer results. For liquid metals, 
the errors are greater and could even reach 25 per cent for thick 
condensate layers and very low Prandtl numbers. Because a com- 
plete set of solutions including interfacial shear are not now availa- 
ble for the low Prandt] number range, we will continue to use the 
zero shear boundary conditions, remembering that the results 
thus obtained overestimate liquid metal heat transfer for thick 
condensate layers. 

The problem described by equations (1) through (5) is made 
tractable by introducing new variables [5, 6] as follows 


i Tut — T 
sin eat 
y 0 T eat = Te (6a) 
F(n) sin a’ Gn) zw sin a’ H(n) wy sin a 


(6b) 


This transformation differs from that for the rotating disk (von 
Karman’s) due to the presence of the sin @ factors. When the 
new variables are substituted into equations (1) to (5), it is found 
that the governing equations and boundary conditions for F, G, 9, 
and H are identical to those for the rotating disk as given in 
reference [1]. 

To complete the analysis, it only remains to satisfy over-all 
conservation of energy, which may be expressed as follows: 


(7) 


=k (37) sin a 
dy /y=0 
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where we have used assumptions consistent with the derivation 
of equations (1) to (4). The first term on the left is the energy re- 
leased as latent heat, while the second term accounts for the 
subcooling of the condensate. The right side represents the heat 
transferred to the cooling surface. With the new variables of 
equation (6), the energy balance (7) becomes 


Cp (To. — T,) [ H ] (7a) 
hy, Pr d0/dn Jn 


which corresponds precisely to the over-all energy balance for the 
rotating disk. 

So, even though F, G, H, 0, and 7 are differently defined for 
the rotating cone, they have the same set of governing equations. 
Hence all the solutions obtained in reference |1} for condensation 
on a rotating disk immediately are at our disposal for the rotating 
cone. 


Results 


The local heat transfer to the surface is found by applying 
Fourier’s law: g = k(07'/dy)y <0. Introducing the new variables 
of equation (6a), the expression for g becomes 


q = — T.)Vw sin a /»(d9/dq)» <0 (8) 


where the (d@/dn), -o is obtained from the solutions as found in 
reference |1]. Defining a local heat-transfer coefficient as 


q 
h = —*— 9 
7. (9) 


the heat-transfer results take the form 


— = — (d0/dy)»=0 (10) 


Comparing this with the findings for condensation on a rotating 
disk, it follows that 


heone/haisk = (sin a)'/* (11) 


So, h for the cone is always less than that for the disk. 

By utilizing equation (11), the computation of heat-transfer 
coefficients for condensation on a rotating cone becomes a rela- 
tively simple matter: The A-values for the disk are read from Figs. 
2 or 3 of reference [1] and then multiplied by (sin a)'/*. The 
important practical conclusion to be drawn is that the deviations 
Of Acone from Aaisk are not large. For example, when a = 60 deg, 
the deviation is only 7 per cent; while for a = 45 deg, the devia- 
tion is 16 per cent. 

The determination of the condensate layer thickness 6 is also 
facilitated by the use of reference [1]. After finding 64).. from 
Figs. 4 or 5 of the reference, d.on. is computed from 


= (sin (12) 


The results for the rotating cone apply over that region of the 
surface where boundary-layer assumptions are fulfilled. Since 
condensate films are generally very thin, this is not expected to 
be a serious limitation. A more important question is the onset of 
turbulence, the answer to which awaits experimental investiga- 
tion. 
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Refrigerator Heat Leak for Sandwiched Thermoelectric 
Elements 


B. W. SWANSON! ano E. V. SOMERS' 
Nomenclature 


radius of thermoelectric column, em 
A; area of insulation cell, em? 
A, = 
b outer radius of insulation cell, em 
J current, amps 
l height of insulation cell; distance between hot and cold 
junction plates, cm 
I* dimensionless length of thermoelectric column; /* = 
1 z,/l 
radial co-ordinate, em 
dimensionless parameter; r* = a/b 
heat leak into insulation cell, defined by equation (3), 
watts 
insulation heat leak defined by equation (1) 
: temperature of hot-junction plate, deg C 
temperature of cold-junction plate, deg C 
reference temperature, 7) = T, — T, 
linear co-ordinate for one-dimensional temperature dis- 
tribution, equation (2), cm 
= axial co-ordinate, cm 
dimensionless parameter, 8 = 1/b 
= thermal conductivity, watts/cm deg C 
thermal conductivity of insulation, watts/em deg C 
electrical resistivity, ohm-cm 
eigenvalues, defined by equation (10) 
height of copper peg, cm 


Introduction 


THE DESIGN of a thermoelectric refrigerating unit generally 
separates the hot and cold-junction plates by columns of thermo- 
electric material. To reduce the cost of the unit, the thermoelec- 
tric columns are replaced by much smaller thermoelectric ele- 
ments attached to almost isothermal copper pegs. Since heat 
leak from the hot to cold-junction plates through the insulation 
is important, the one-dimensional design equation 


Qa = K,A(T, — (1) 


which neglects the effect of the copper pegs on the heat leak 
through the insulation must be replaced by a more accurate ap- 
proximation. Design curves are given for different values of the 
geometrical parameters associated with a better heat flow model 
that yield the values of Q/Q,;. 


1 Mechanics Department, Westinghouse Research Laboratories, 
Pittsburgh, Pa. 
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Definition and Solution of Mathematical Model 

Consider the thermoelectric element shown in Fig. 1. With 
the thermoelectric properties constant, the temperature distribu- 
tion within the thermoelectric element, surrounded by insulation 
with the copper peg isothermal at 7’, is given by the approxi- 
mately one-dimensional solution. 


J 2 
1 ~- 


The first term of equation (2), linear in z, is the solution for the 
case of zero current, while the second term is a parabolic function 
in x because of the Joulean heat. For this analysis, the Joulean 
heat is assumed negligible, so that the temperature in the thermo- 
electric element drops linearly along its length. The hot-junction 
plate, and cold-junction plate with the copper peg, can be as- 
sumed isothermal at the temperatures 7’, and 7’,, respectively. 

These assumptions suggest the following mathematical model. 
A hollow cylindrical insulation cell is considered, as shown in Fig. 
2, with the inner radius of the cell that of the thermoelectric- 
copper column and the outer radius half the distance be- 
tween adjacent column centers. The cell height is the distance 
between the hot and cold plates. The following boundary con- 
ditions apply: 


(a) The top surface of the cell is isothermal, at temperature 7’,. 
(b) The bottom surface of the cell is isothermal at temperature 
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Fig. 2 Temperature problem for insulation cell 
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(c) An adiabatic condition exists on the outer cylindrical 
surface. 

(d) The inner cylindrical surface is isothermal at temperature 
T,, along the height of the copper column and is subject to a linear 
gradient between 7, and 7’, along the height of the thermoelectric 
peg. 


The steady-state temperature distribution within the cell can 
be calculated, and the total insulation heat-leak rate found by in- 
tegrating the axial derivative of the cell temperature over the 
upper surface of the cell. 


The variation of the ratio of the heat leak given by this model to 
the heat leak computed by equation (1), denoted by Q/Q,;, is 
studied with respect to its geometrical parameters. 

The mathematical model for the insulation cell is defined by 
the following equations: 


o*T(r,2) 1 oT (r,z) o°T(r,z) a<r<b (4) 
or? OF dz? 0<2z<l 
T(a,z)=f(z); fiz) =0, O<2<a 


f(z) = T, a<2<l (5) 


= 0 (6) 
or 
T(r, l) = To (7) 
T(r, 0) = 0 (8) 
The temperature distribution was determined by standard tech- 


niques [2]? and the result employed in equation (3) yielded the 
ratio Q/Q.:, 


Q 
Q 


n=1 


[JoXA,r*) — Ji%(A,r*)] sinh A,8 
(9) 


3) 


(10) 


where 


Jo *) ¥i(A,) — Yo *) =@ 


Presentation of Results 

The variation of the ratio Q/Q.; with 1* for r* = 0.1, 0.2, and 
0.3 and 8 = 1.0, 2.0, 3.0, and 4.0 is shown in Figs. 3 through 6. 
It is observed that for low values of 1*, which are desirable for cost 
reduction, Q/'Q.; of the model can be quite large. Although a 
more usual geometry for the thermoelectric structure would be 


2? Numbers in brackets designate References at end of paper. 
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that of circular cylindrical pegs within rectangular cross-sectional, 
rather than circular cross-sectional cells, the solvable model pre- 
sented here can be applied to the rectangular-celled geometry on 
a basis of determining the outer radius b by equating the rectangu- 
lar cross-sectional area to 7b’; a similar approach has been used 
for fin efficiencies of square fins on circular tubes [3]. 


Conclusion 


It has been shown that the insulation heat leak for a thermo- 
electric refrigerator model, using thermoelectric-copper columns, 
can greatly exceed that leak computed on a simple one-dimen- 
sional heat-flow basis. The ratio of these two heat leaks has 
been evaluated analytically for a reasonable model, and its 
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variation is represented in graphical form suitable for thermal 
design computations of thermoelectric-refrigerating devices. It 
is recognized that the results can also be used for thermal losses 
in thermoelectric power generating devices. 
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